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Quod erat demonstrandum 


HAROLD P. FAWCETT, Ohio State University, Columbus, Ohio. 
The essence of mathematics is not in the form 


of a proof as it appears on paper, 


and the intellectual glow which its study engenders arises 


through an insight into mathematical patterns and processes. 


It HAPPENED in October, 1908, and it 
happened in a small school located in 
Middle Sackville, New Brunswick, Can- 
ada. It was there that I saw a “great 
light,”’ just as powerful and just as trans- 
forming as was the “great light’’ seen by 
Paul when in ancient times he journeyed 
toward the city of Damascus. I was ac- 
tually “converted,” and I have since been 
everlastingly grateful to Miss Agnes 
Murphy, the new teacher, whose firm but 
sympathetic leadership produced such a 
remarkable change in the school to which 
each day I had been dragging my reluctant 
body. I was converted from a lad for whom 
school was genuine punishment to a 
student who recognized school as an in- 
viting highway to learning. It was no 
ordinary “light” that produced such a 
remarkable change. 

This little school, so important in the 
development of my limited potentialities, 
is located on the eastern edge of the 
Tantramar marshes which border the Bay 
of Fundy, and through which flows the 
Tantramar River. Miss Murphy, large in 
body but larger in spirit, talked with us 
about the famous tides of the Tantramar 
concerning which we knew, perhaps, even 
more than she did. Many times we had 
seen these powerful tides sweep over the 
dikes and flood the marshes with the 
turbid, muddy waters from the Bay. She 
led us from this familiar scene to the 
Valley of the Nile where the tides of a 


flooding river were indirectly responsible 
for the elementary geometric insights 
needed in establishing the boundaries of 
inundated lands. It was thus that I was 
introduced to demonstrative geometry, 
and in the isosceles triangle I see not only 
the Egyptian level but also the restless, 
swirling tides of the Tantramar. It was in 
this fascinating domain that I saw the 
“oreat light’? which converted me from a 
rebellious pupil into an exploring student. 
Had Miss Murphy been just another 
teacher, unsympathetic with the interests 
of young people, the light would perhaps 
never have burned. I am heavily indebted 
to her ability to talk the language of 
students, and the little girl who closed her 
recital of the twenty-third Psalm with 
these unforgettable words, “Surely good 
Miss Murphy will follow me all the days of 
my life, and I will dwell in the house of the 
Lord forever” spoke more accurately than 
she, perhaps, realized. 

Out of such a background I developed 
a lasting loyalty to the teacher who had 
awakened my intellectual life, and now I 
find that it is with considerable reluctance 
that I raise a question concerning the 
educational value of a practice to which 
she attached a large measure of value and 
which is still common in the teaching of 
demonstrative geometry. From Miss Mur- 
phy’s viewpoint there was a sort of magic 
in the letters Q.E.D. No proof was com- 
plete unless it closed with the symbol for 


. . fe hl ! oa 
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“Quod erat demonstrandum”’ meaning, of 
course, that that “which was to be proved” 
had actually been proved. The use of this 
symbol at the end of a proof has long been 
discontinued, but that is a matter of 
trivial importance. The practice, however, 
of telling a student what he must prove in 
a given situation, a practice which made 
the use of Q.E.D. rather natural, is not 
trivial, and it is this practice concerning 
which I have serious reservations, 

During the last decade or so there has 
been an increasing emphasis on the im- 
portance of discovery in the teaching of 
mathematics. Practically every methods 
book in this field has advised the potential 
teacher that he will reach his highest 
achievement if he develops effective meth- 
ods by which he can guide his students to 
discovery. The heuristic method is recog- 
nized as a powerful means of promoting 
discovery, and laboratory practices are 
recommended. “Teach. Don’t tell’’ is the 
kind of advice which reflects this em- 
phasis, but I am presumptuous enough to 
state clearly and flatly that usual pro- 
cedures in the teaching of demonstrative 
geometry tend to violate this advice. The 
general proposition to be proved is stated 
for the student. A figure is drawn, the 
assumed data are given, and the student 
is told what to prove in terms of this 
specific diagram. Until recently complete 
proofs were in most cases included, and 
the question might well be raised as to 
what was left for the student to discover. 
Even in any so-called originals which 
might be assigned, the student is told just 
what he is to prove, and one might wonder 
why we deprive him of whatever satisfac- 
tion there may be in closing his proof with 
Q.E.D. There is some tendency in recent 
texts to omit complete proofs for certain 
theorems, and at least two intrepid authors 
have actually undertaken to develop texts 
in demonstrative geometry which are to 
some extent consistent with the well- 
recognized principle that guiding the 
student to discovery is important in learn- 
ing. Stating the general theorem and 


telling the student what is to be proved 
tends to deprive him of valuable learning 
experiences, and from that standpoint 
alone the continuation of such practice can 
be seriously questioned. 

An even more serious question, however, 
can be raised concerning the cumulative 
effect on a student who is faced with data 
day after day, either given or assumed, 
and told precisely what conclusion he 
must derive from these data or just what 
it is he must prove. Does not such a prac- 
tice violate the very spirit of scientific 
method? Where in the world is this prac- 
tice found except in the demonstrative 
geometry classroom and in countries 
where thought control is common? Do we 
wish to develop a generation of students 
skilled in the art of using data to prove 
what someone else tells them they must 
prove? Is that a desirable road to travel in 
man’s continuing search for truth? Is there 
any respectable scientific investigator 
anywhere who will support the practice of 
making prejudgments or of determining in 
advance the conclusions to which inquiry 
must lead? Newspaper reports suggest 
that certain recent investigations in 
Washington were of this type which may 
mean that the potential transfer inherent 
in the traditional practices of the demon- 
strative geometry classroom was in this 
sase so effective that the report of the 
investigators could well have ended with 
the significant symbol Q.E.D. 

We have in demonstrative geometry a 
splendid instrument for leading students 
into a growing understanding of the nature 
of man’s never ending search for truth, and 
during the last ten years there has been 
good, solid improvement in the degree to 
which this highly desirable outcome is 
being achieved. An examination of the 
process by which students are guided into 
an investigation of the validity of a 
proposition may lead to still further im- 
provement in the achievement of this 
important objective. The following com- 
parison between the present procedure 
and that proposed may be helpful: 
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Present procedure 


A statement of the general proposi- 
tion 
2. A statement of the 


2. “given” or 
“hypothesis” 
A statement of what is to be proved 
or the conclusion 

4. The actual proof of the already ac- 
cepted conclusion 


Propose d proce dure 


Statement of general proposition will 
follow the proof (see No. 4). 

A statement of the “given data”’ or 
the “assumed data’’ 

2. A statement of the hypothesis or 
hypotheses suggested by these data 

3. The testing of each hypothesis lead- 
ing to proof or disproof 

4. A statement of the general proposi- 


tion 


tegardless of procedure, a diagram is 
used, of course, whenever possible, and 
the data are expressed as usual in terms of 
this diagram. Between these procedures 
there are the following two major dif- 
ferences, each of which we will briefly 
consider: 


1. The use of the term “hypothesis’’ as 
a tentative proposition to be tested 
rather than as the given or assumed 
data 

2. Deferring the statement of the gen- 
eral proposition until the tentative 
hypothesis has been tested for proof 
or disproof. 


Although there are at least two recent 
outstanding exceptions, practically all 
geometry textbooks use the term “hy- 
pothesis” as synonymous with the given 
data and so define it. The author of a text- 
book, of course, has the privilege of de- 
fining this term in any way that, in his 
judgment, will best serve his purpose, but 
whether any 


served 


one might well question 
healthy educational 
when in Room 212, where demonstrative 


geometry is taught, “hypothesis” 


purpose is 


is de- 
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fined as “‘the given data’”’ while in Room 
312, where science is taught, ‘“‘hypothesis”’ 
is defined as a tentative’ generalization 
suggested by the available data which more 
careful investigation may either prove or 
disprove. Quoting from an earlier article! 
“it is in this latter sense that ‘hypothesis’ 
is most frequently used, and the meaning 
given to this term by the teacher of 
geometry is rarely if ever found outside of 
that particular field.” The process of 
formulating hypotheses in the study of 
any problem and of checking the validity 
of these hypotheses as a basis for still 
further study is a process of large im- 
portance in the search for truth. It is a 
process emphasized in the teaching of 
science, and it is a process to which the 
teaching of geometry can make a sig 
nificant contribution. Why should we not 
use “hypothesis” in the sense that the 
scientist uses it and provide our students 
with experience which continually em- 
phasizes the importance of this process? 
We now tell the students just what they 
must prove and precisely what conclusions 
must be secured from the given data. This 
proving or at- 


is direct experience in 


tempting to prove prejudgments and 


“prejudgment” is just another term for 


prejudice. Such experience deprives the 


student of the creative insights which are 
associated with his own search for truth 
and frequently encourages intellectual 
dishonesty. Girolamo Saccheri, for exam- 
ple, writing in 1733, would himself have 
recognized the great significance of his 
brilliant contribution, HLuclides ab Omni 
Naevo Vindicatus, had he not 
blinded by his prejudgment or prejudice 
that Euclid must be “freed of every 
fleck.’’ His erroneous belief that he had 
actually proved the parallel postulate is a 
good illustration of what can happen when 
one is under the compulsion of proving a 


been so 


predetermined conclusion. 


‘Harold Fawcett, “Statement of a Hypothesis 
Concerning Proof,’’ California Journal of Secondary 
Education, Vol. XVI (March 1941) p. 180. 
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It should be recognized also that the 
statements to be proved in the usual pro- 
gram always can be proved. At no time 
does the student have any experience in 
checking the validity of a statement that 
is not consistent with the given data. Is 
that desirable? Are we not losing a 
splendid opportunity to help him under- 
stand the process by which tentative 
judgments are validated or rejected? Is it 
not just as important to know how to dis- 
prove a hypothesis as it is to prove one? 
In a courageous and stimulating address 
entitled “Values and the Study of Mathe- 
matics,” delivered at the 1954 Christmas 
meeting of The National Council of Teach- 
ers of Mathematics, Professor Howard 
Fehr of Teachers College, Columbia Uni- 
versity, stated that “The student of 
mathematics re-discovers what his prede- 
cessors have created. He learns to ask 
meaningful questions, he makes hypothe- 
ses, and he subjects them to logical pro- 
cedures for proof or disproof.’’ Is he here 
describing the intellectual activities in the 
usual demonstrative geometry classroom, 
or is this a description of what such 
activities should be? In either case let us 
so organize our teaching as to make our 
practices consistent with this inviting pic- 
ture of mathematics education at its best. 

If the preceding proposal concerning the 
use of the term “hypothesis” is to be 
translated into practice, the generalized 
statement of the proposition under in- 
vestigation must be deferred until the 
tentative hypothesis suggested by the 
given or assumed data has been checked to 
determine whether or not it is a valid 
conclusion. Such a check may establish 
the validity of the hypothesis, or it may 
lead to its rejection. Once the hypothesis 
has been established the generalized 
proposition can then be stated and become 
a source of further hypotheses for in- 
vestigation. 

Under the guidance of skillful teachers 
I have seen this process bring vitality and 
meaning to the demonstrative geometry 
classroom. I have watched students as 


they eagerly investigated the relation of 
an inscribed angle to its corresponding are, 
and I have recognized the rising tempo of 
excitement as the data seemed to suggest 
a reasonable hypothesis to be tested in the 
crucible of deductive proof. This testing 
process involved a consideration of the 
usual cases leading to the more generalized 
situation, and the diagram in each case 
was a symbol for all such diagrams. The 
‘inscribed angle with one side a diameter” 
was any such angle inscribed in any circle, 
and the limiting characteristics of the 
diagram in each of the other two cases 
were similarly recognized. This is re- 
flected in the following generalized propo- 
sitions, copied directly from the notebook 
of a student who stated them after he had 
checked the hypotheses under investiga- 
tion: 
Proposition XXXIV 

If one side of an angle inscribed in any 

circle is a diameter of the circle, then 

the angle is equal in degrees to one- 

half the corresponding are. 


Proposition XL 


If the center of any circle is included 
in the sides of an angle inscribed in 
the circle, then the angle is equal in 
degrees to one-half the corresponding 
are. 


Proposition XLI 


If the center of any circle is excluded 


by an angle inscribed in the circle, 
then the angle is equal in degrees to 
one-half the corresponding are. 


Following the statement of these three 
propositions, the author of this notebook 
proceeds to say: 
Now the three preceding propositions 
-an be unified in the following general 
proposition : 
Any angle inscribed in a circle is 
equal in degrees to one-half the 
corresponding are. 


— 
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Such a procedure really guides the student 
to discovery, and the intellectual glow re- 
sulting from such a process is just as 
powerful today as it was in the days of 
Archimedes. 

I am resigned to the fact that this article 


will do little to change the teaching pro- 


cedures of those who read it. Habits are 
not so easily modified. However, if but one 
reader is stimulated to analyze and evalu- 
ate his own practices in teaching demon- 
debt to 
paid. 


strative geometry, my _ great 


Murphy will 


(Juod erat investigandum. 


Agnes have been 





Have you read? 


Cuauncey, Henry. “New Approaches to Old 
Problems: Teacher Shortage in Science and 
Mathematics,” California Journal of Second- 
ary Education, May 1955, Vol. 30, No. 5, 
pp. 257-262 
Who will teach our mathematics classes when 

we pass on to our reward? The situation is 

critical in mathematics and science. Who is 
responsible? Can we fail t« provide for the per- 
petuation of a supply of science and mathe- 
matics teachers? 

Mr. Chauncey 
with which you may disagree. 
cannot help but recognize the problem and 


makes some bold proposals 
But even so you 


realize that some solution must be reached if 
our nation is to go forward. The question is, 
how? Shall we select the best 5% of the students 
and clear the financial way? If so, how shall they 
be selected? Or should we develop talent rather 
than selecting those who are gifted? If so, how ? 
Is greater efficiency in education the answer? 
Would relieving the teacher of all menial tasks 
insure a higher level of instruction? These and 
many other questions will make you carefully 
consider why we are where we are and who is 


responsible for the next move 


Measurement and 
British Jour- 
1955 pp. 20-29 


i HRENBERG ae 
Mathematics in Psychology 
nal of Psychology, February 


Have you and your students stopped to 
consider what it means when a measure 0O 
intelligence is given as the number 120? Can 
qualities like intelligence be measured, as can 
quantities like dollars and cents? Is it necessary 
that numbers assigned to observable phenome- 
na be physically additive? 

This article attempts to answer these and 
other questions. If your students read this 
article it will cause them to consider more care- 
fully the nature of a number that is being used 
to define or describe some phenomena. It at- 
tempts to clarify whether or not the distinction 
between quality and quantity is spurious or real, 
and why it is that some numerical assessments 
have been denied the privilege of being a meas- 
urement. Much of the difficulty in not being 
able to measure stems from the lack of facility 
in making comparable observations, even though 


the phenomena are measurable. After reading 
this the student will recognize in mathematics 
a broader method of description than he thought 


possible. 


Frur, Howarp. ‘Values in the Study of Mathe- 
matics,’’ Scripta Mathematica, March 1955, 
pp. 49-53. 

This subject has been discussed since man 
first discovered the 1-1 correspondence, but it is 
well for us as mathematics teachers to obtain as 
many viewpoints as possible. Although Mr. Fehr 
doesn’t add any new items, his discussion does 
provoke thought. He has chosen to divide the 
values into three areas: 

First, the concepts of value, such as likes, 
dislikes, or ways of thinking. 

Second, those intrinsic values of symbolic 
thinking, the function or ever-changing nature 
of scientific judgments and generalizations. He 
points out the permanency of mathematics 
through its continuous flow and expanding 
knowledge, as well as the creative intelligence 
which mathematics engenders. 

Among the extrinsic values, he lists such 
things as pertinent information needed for life, 
the logic essential to a thoughtful citizen, the 
relativity of truth, the possession of working 
tools and the search for truth as a mathematical 
way of explaining life. I think you will like this 


irticle. 


SuHeruerpD, W. L. “Motivating the Study of 
Determinants,” Mathematics Magazine, 
May-June 1955, pp. 280-281. 


Although this article was written with col- 
lege freshmen in mind, it appears to me that it 
would also motivate high school students in 
their study of determinants. It presents a logical 
and at the same time intriguing approach. You 
will want to read this. Think of solving a system 
of three equations by selecting the proper multi- 
pliers without trial, to make all but one of the 
unknown coefficients add to zero. The students 
will wonder how you were able to make such a 
wise selection. From here you are well on the 
way to determinants.—Puitie Peak, Indiana 
University, Bloomington, Indiana 
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The great Carnot 


CARL B. BOYER, Brooklyn College, Brooklyn, New York. 


Sadi Carnot is celebrated for the Carnot cycle in thermodynamics, 
and another Sadi Carnot achieved fame as president of the Third French Republic; 
but “Le Grand Carnot,” their forefather Lazare Carnot, 


was eminent both in politics and in mathematics. 


MANKIND often is assumed to be made up 
of two Procrustean categories, men of 
thought and men of action. The story of 
the impetuous Roman soldier who slew 
Archimedes, deep in contemplation of a 
geometrical diagram, represents the two 
extremes. But the coincidence of opposites 
is a paradox which—as Nicholas of Cusa 
in the fifteenth century noticed 
with us. The far right and far left in the 
political spectrum appear to be closer to 
each other than either extreme is to the 


is always 


center; and mathematicians find it useful 
to think of the extremities of an indefi- 
nitely extended straight line segment as 
meeting at a point at infinity. The fact 
that deep thought and courageous action 
are not incompatible facets of a man’s 
character is very vividly portrayed in the 
life of Lazare Nicolas-Marguerite Carnot, 
author of as many poems and scientific 
works as he was victor in military and 
political engagements. 

The Carnot family was of sufficiently 
above middle-class standing to permit 
Lazare to enter the Ecole Militaire at 
Méziéres, but, lacking a title, he could not 
aspire to a rank beyond that of captain. 
The young military cadet was taught by, 
among others, Monge, greatest geometer 
of the century, and in future years pupil 
and teacher were to be known as the two 
creators of modern pure geometry. 


After graduation in 1773 at the age of 
twenty, Carnot’s garrison duties at Calais 
permitted him time to compose light verse, 
to read the works of men like Tom Paine, 
and to study science and mathematics. 
A decade later he published his first 
major work, the Essai sur les machines en 
général. The title notwithstanding, this 
was no book on technology. Throughout 
most of his life Carnot was far more con- 
cerned with depth of understanding than 
with immediate applicability. And so his 
preface to the Essai warns that nowhere 
does the account refer to any machine in 
particular, for it is concerned only with 
general laws. Beginning with two basic 
postulates—that the foree of impact of 
two colliding bodies (1) depends only on 
their relative motions and (2) is always 
directed perpendicularly to their common 
surface at the point of contingence—he 
deduced from these the principles of 
mechanics. The impossibility of a per- 
petual motion machine was one of the 
deductions; but the principle which the 
author believed his readers would find 
most interesting (posterity has vindicated 
his judgment by calling it Carnot’s prin- 
ciple) was the conclusion that for a ma- 
chine “to produce the greatest effect, it is 
necessary that there should be no per- 
that the movement al- 
imperceptible 


cussion, that is, 


ways should change by 
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Lazare Carnot pittured at a battle of the French 
Revolution, fought at Wattignies, 1793. 


degrees.’’ (Percussion engenders heat, and 
this entails a loss in kinetic energy.) 
Many years later Arago, in his Eloge of 
Carnot, embarrassed by the hero’s revolu- 
tionary activities, suggested that perhaps 
the same principle applied to political 
events! Dealing exclusively as the book 
did with basic concepts, it contained not a 
single diagram, a characteristic usually 
associated with the more celebrated 
Mécanique analylique of Lagrange, which 
appeared five years later. 

But Carnot had roots also in the work- 
aday world, and during these same years 
he presented to the Académie des Sciences 
a paper on balloons, believing that they 
would play a large role in warfare. He was 
alert to the possibilities in the adaptation 
of steam power to industrial uses, and 
later he encouraged Fulton in the develop- 
ment of the steamboat. But his deepest 
practical interest was in fortifications; 
and it is in his prize-winning Eloge on the 
methods of siege warfare of Marshall De 
Vauban that one catches an early glimpse 
in 1784 of the philosophy of life of a pros- 
pective revolutionary. Believing that men 
are either drones or workers, Carnot 
wrote that it should be the object of 
government to compel all members of the 


State to work, and that this end could be 
achieved by transferring wealth from 
hands in which it is superfluous to others 
where it is wanted. 

tejection of his claim to nobility meant 
that Carnot could hope neither for military 
advancement nor for the hand of his 
cherished Ursule, and so he became an 
ardent advocate of reform in government 
In 1791 he was first elected to political 
office, a seat in the Legislative Assembly. 
Idealism and an almost extravagant de- 
gree of individual independence precluded 
his adherence to any political clique. A 
man without a party in a period of bitter 
factional strife, Carnot nevertheless was 
co-opted to important responsibilities. 
When in 1792 Paris boiled over with the 
rumor that loyalists had mixed powdered 
glass in the flour for the army, it was 
Carnot who investigated and proved the 
charge baseless. In this same year Carnot 
was elected to the National Convention 
(as were also two foreigners, Joseph 
Priestley and Tom Paine). At this time 
the disorganized armies of France faced a 
formidable coalition; and the Convention 
dispatched Carnot, as People’s Commis- 
sioner, to direct military operations on 
the northern frontier, even though he was 
a technical officer who never had com- 
manded troops. At Wattignies he found 
the French retiring in disorder. Regroup- 
ing the forces, he seized a musket and led 
them in a victorious charge which turned 
the tide. (And yet many years later, 
before Waterloo, when Carnot sought 
to dissuade Napoleon from staking every- 
thing on an immediate victory, the Em- 
peror chided him with the words, ‘You 
know better how to conduct a campaign, 
I know better how to win a battle.’’) 

The invading armies having been re- 
pelled, Carnot returned to Paris during 
the trial of Louis XVI. Reluctantly, but 
with reasoned conviction, he voted for 
(Tom Paine voted against) the execution 
of the king. Participation in the decisions 
of the Committee of Public Safety has 
placed on Carnot some share of the re- 
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sponsibility for the Terror, despite the 
charges of moderantism hurled at him by 
St. Just and Robespierre. Carnot found 
that reasoned impartiality is more difficult 
to maintain in political crises than is 
suspended judgment on scientific theories. 
tobespierre, his archenemy, warned him, 
‘“‘We need your services and hence tolerate 
you on the Committee; but at the very 
first military disaster, you will lose your 
head.”’ In the absence of disaster, it was 
the head of Robespierre that fell. But had 
he been merely a scientist, Carnot would 
most certainly have shared the fate of 
Bailly and Lavoisier. In. the Convention 
when a voice suggested the arrest of Car- 
not, the deputies, spontaneously acclaim- 
“T/Organisateur de la Victoire,”’ 
Moreover, Carnot’s popularity 


ing him 
refused. 
enabled him to save some who otherwise 
would have perished, including the geom- 
eter Prony. 

Carnot certainly never shared the senti- 
ment attributed to Lavoisier’s judge, ‘La 
pas besoin des sa- 


République n’avait 
He was a sponsor of the Ecole 


vants.”’ 
Polytechnique, and he was concerned with 
education at all levels. A score of years 
later it was while he was presiding at a 
meeting of the Commission d’Enseigne- 
ment Elémentaire that he received with 
dismay the news of Waterloo. 

The Convention ended its office in 
1795, but Carnot promptly was elected to 
the Council of Five Hundred and named 
one of the Directors. Charged with the 
supervision of military affairs, his efforts 
again were crowned with success, in part 
because he had chosen Napoleon Bona- 
parte for the leadership of the offensive in 
Italy. Nevertheless, for refusing to join in 
the partisan coup d’état of 1797, he was 
condemned to deportation on the ridicu- 
lous charge of complicity in a royalist plot. 
He fled from France, his name was stricken 
from the rolls of the Institut, and his 
chair as geometer in the Académie was 
filled by none other than General Bona- 
parte. Even Monge, fellow republican and 
mathematician, joined in the unanimously 


approved action, demonstrating that 
scientists are not immune to hypnotism by 
personal and political power. 

Carnot now had leisure to pursue his 
scientific interests; but he already had 
shown that leisure is not a precondition for 
research. During the very busiest years 
of his career he composed his best known 
treatise, the Réflexions sur la métaphysique 
du calcul infinitésimal, in 1797. Here the 
author again showed his concern for 
fundamental concepts. Neither Newton 
nor Leibniz had had a clear notion of the 
they had in- 
their successors had not 


principles of the subject 
vented; and 
answered the boast of Bishop Berkeley 
that the precepts of theoloy were no less 
trustworthy than were calculations based 
on fluxions or infinitesimals—“the ghosts 
of departed quantities.”’ Lagrange in his 
Théorie des fonctions analytiques, which 
also appeared in 1797, proposed an essen- 
tially new approach to the calculus 
through derived functions (whence the 
modern word derivative) defined by means 
of infinite series expapsions. Carnot, less 
iconoclastic, demonstrated that the New- 
tonian and Leibnizian methods were 
algorithmic equivalents of the ancient 
Archimedean method of exhaustion. If 
the works of Carnot and Lagrange failed 
to convince their contemporaries that a 
solid foundation for the calculus had been 
found, at least they paved the way for the 
definitive work of their successor, Cauchy. 
The Réflexions, in particular, enjoyed a 
remarkable popularity, appearing in many 
languages and editions (including two in 
English) from 1797 until 1921. It did 
much to make analysts dissatisfied with 
the ‘abominable little zeroes’ of the 
eighteenth century, anticipating the age 
of rigor in the nineteenth. And Carnot’s 
statement that ‘all mathematics is, 
properly speaking, merely a course of 
similar expressions,’ comes close to the 
twentieth-century recognition of the tauto- 
logical nature of the subject. 

Carnot did not long remain in political 
or scholarly exile. In 1799 he returned to 
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France to become Napoleon’s minister of 
war, to serve as member of the Tribunate, 
and ultimately to resume his seat in the 
Académie. True to his republican views, 
however, he exerted all his influence 
against the imperial designs of the First 
Consul, frankly 
would have to choose between being a 
Cromwell or a Washington. In 1804 Car- 
not delivered in the Tribunate a stirring 
appeal against the establishment of the 


warning him that he 


empire. Experiences in ancient Rome, as 
well as more recent events in the New 
World, showed, he argued, that it is 
easier to form a republic without anarchy 
than a monarchy without despotism. And 
yet he was the only member with suf- 
ficient conviction and courage to vote 
against the proposal. Once, more Carnot 
retired from an active political role. His 
stream of mathematical contributions had 
not been interrupted, however, by his 
political and academic activities. In 1801 
he had published De la correlation des 
figures de géométrie, again a work char- 
acterized by its high degree of generality. 
Descartes had boasted, with justification, 
that his coordinate geometry was vastly 
superior to the Elements of Euclid, in that 
it dispensed with the need to consider 
many special cases represented by differ- 
ing diagrams. When dealing analytically 
for example, one almost 
includes all possibilities: 


with circles, 
automatically 


circles tangent internally or externally, 
concentrie circles, intersecting circles, 
non-intersecting, non-concentric, non-tan- 
gent circles. Carnot sought to establish 
for pure geometry a comparable univer- 
sality. He showed that several of Euclid’s 
theorems can be regarded as specific in- 
stances of a more inclusive theorem for 
which a single demonstration suffices. 
One finds in the Elements, for instance, 
the theorem that if two chords AD and 
BC in a circle intersect in a point K, then 
the product of AK by KD is equal to the 
product of BK by KC (Fig. 1). Later one 
runs across the theorem that if ADA and 
KCB are secants to a circle, then the prod- 
uct of AK by KD is equal to the product 
of BK by KG. These two theorems Carnot 
would regard merely as special cases, cor- 
related through the use of negative quan- 
tities, of a general property of lines and 
circles. If one notes that, in the case of 
the chords, one has CK = CB— BK, where- 
as for the secants this becomes CK = 
=BK—CB, the relationship AK-KD 
=CK-KB can be carried over from the 
one case to the other simply by a change 
of sign. And tangency is only another case 
in which B and C, say, coincide, so that 
BC =O. Although the graphical represen- 
tation of complex numbers had not yet 
come into general use, Carnot did not 
hesitate to suggest also a correlation of 
figures through imaginary numbers. He 
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cited as an example the fact that the ellipse 
y?=a*—2z* is related to the hyperbola 
y?=2z*—a* through the identity 2z?—a’? 
= ( /— 1)?(a? — 2”). 

Carnot greatly expanded his correlation 
of figures in his Géométrie de position in 
1803. This book placed him beside Monge 
as a founder of modern geometry and a 
forerunner of projective geometry. The 
development of mathematics has been 
characterized by a striving for ever 
higher and higher degrees of generality; 
and it is this quality that gives significance 
to the work of Carnot. His penchant for 
generalization led him to beautiful ana- 
logues of well-known theorems of plane 
geometry. The equivalent of the familiar 


9 


law of cosines in trigonometry, a?=b? 
+¢?—2 be cos A, had been known at least 
as far back as the days of Euclid; and 
Carnot extended this ancient theorem to 
an equivalent form, a?=b?+c?+d?—2cd 
cos B—2bd cos C— 2be cos D, for a tetra- 
hedron, where a, b, c, d are the areas of 
the four faces, and B, C, D are the angles 
between the faces of areas c and d, b and d, 
and b and ¢ respectively. The passion for 
generality which is found in his work, and 
which has been the driving force of modern 
mathematics, has blossomed in the pres- 
ent century in a new branch known as 
topology. This subject, concerned with 
the properties of figures which remain 
invariant under a continuous deformation, 
would have delighted Carnot, for he would 
recognize in it a natural consequence of 
his correlation of figures. 

The Géométrie de position is a classic 
in pure geometry, but it contains also 
significant contributions to analysis. Al- 
though analytic geometry had completely 
overshadowed synthetic geometry for well 
over a century, its supremacy had been 
won in terms of only two coordinate sys- 
tems, rectangular and polar. In the former 
system, the coordinates of a point P in a 
plane are the distances of P from two mu- 
tually perpendicular lines or axes; in the 
latter system, one of the coordinates of P 
is the distance of P from a fixed point O 


(the pole), and the other is the angle which 
the line OP makes with a fixed line (polar 
axis) through O. Carnot saw that these 
could be modified in many ways. For 
example, the coordinates of P may be the 
distances of P from two fixed points O 
and Q; or one coordinate may be the dis- 
tance OP, and the other the area of the 
triangle OPQ. In such generalizations Car- 
not simply rediscovered and extended a 
suggestion which Newton had made, but 
which had been generally overlooked: 
but Carnot’s thought 
carried him further. In all of the cases 
so far considered, the equation of a curve 


characteristically 


will depend upon the particular coordinate 
frame of reference which is used; and yet 
the properties of a curve are not bound to 
any one choice of pole or axes. It should 
reasoned, to find 


be possible, Carnot 


coordinates which do not “depend on any 
particular hypothesis or on any basis of 
comparison taken in 


Thus he initiated the search for what now 


absolute space.”’ 
are known as intrinsic coordinates. One 
of these he found in the familiar radius 
of curvature of a curve at a point. For the 
other he introduced a quantity to which 
he gave no name but which since has come 
to be called aberrrancy or angle of devia- 
tion. This is an extension of the ideas of 
tangency and curvature. The tangent to 
a curve at a point P is the limiting posi- 
tion of a secant line PQ as Q approaches 
P along the curve; the circle of curvature 
is the limiting position of the circle through 
the points P, Q, and R as Q and R ap- 
proach P along the curve. If, now, one 
passes a parabola through the points P, 
Q, R, and S, and if one finds the limiting 
position of this parabola as the points 
Q, R, and S approach P along the curve, 
then the aberrancy at P is the angle be- 
tween the axis of this parabola and the 
normal to the curve. Aberrancy is related 
to the third derivative of a function in 
much the same sense that slope and curva- 
ture are related to the first and second 
derivatives, respectively; and it turns out 
that just as the slope of a line and the 
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curvature of a circle are constant, so is the 
aberrancy of a conic section the same for 
all points. 

Carnot’s name is best known among 
mathematicians for a theorem which bears 
his name and which appeared in 1806 in 
an Essai sur le théorie des transversales. 
This again is an extension of an ancient 
result. Menelaus of Alexandria had shown 
that if a straight line intersects the sides 
AB, BC, and CA of a triangle 
sides extended) in the points P, Q, and R 
respectively, and if a’=AP, b’=BQ, 
c’=CR, and a”’=AR, b’’=BP., c’’=( Q), 
then ah’ a’’b’’c’’ (Fig. 2). Carnot 


showed that if the straight line in the 


(or these 


theorem of Menelaus is replaced by a 


curve of order n intersecting AB in the 


real or imaginary) points P,, Ps, 
P;,-+-, Pa, and BC in the points Qi, 
Qs, Qs,--+, Q,, and CA in the points 
R,, Re, Rs, ---+, R,, then the theorem of 
Menelaus holds if one takes a’ as the prod- 
AP;, APs, 


with similar definitions 


uct of the mn _ distances 
AYs; ***, BF~s, 
for 6’ and ec’, and analogous definitions 
’,and c’’ (Fig. 3). The theory of 
transversals is but a portion of a volume 


ior Pe bh’ 


containing other interesting generaliza- 
tions. From the familiar formula of Heron 
of Alexandria for the area of a triangle in 
terms of its three sides, Carnot went on 


to a corresponding result for the volume 


of the tetrahedron in terms of its six 
edges; and finally he derived a formula, 
comprising 130 terms, for finding the 
tenth of the ten segments joining five 
points at random in space if the other nine 
are known 

Carnot was a soldier, a politician, a 
poet, and a geometer; but he was also a 
speculator. The failure of colonial ven- 
tures, in which he had invested far too 
heavily, resulted in financial ruin in 1809 
At this point the emperor magnanimously 
granted him a pension (retroactive to his 
retirement as minister of war) and com- 
missioned him to compose a treatise on 


Figure 3 
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fortifications for use in the schools. Carnot 
now had no choice but to turn from ab- 
stract mathematics to concrete problems. 
He inquired into the feasibility of sub- 
marines, and he examined a project for the 
transportation of an army to England by 
means of balloons. Above all, he prepared 
the impressive De la défense des places 
fortes, a work of over 600 pages covering 
all aspects of the subject and including 
dozens of illustrative examples from 
Carthage to Orléans. Little did Carnot 
realize that, a few years after the appear- 
ance of this book in 1810, he again would 
have occasion to put his principles to a 
severe test. Following the disastrous 
Russian campaign of 1812, the fortunes of 
Napoleon waned. Carnot was an avowed 
enemy of dictators; but when in 1814 he 
saw France in jeopardy, he offered the 
emperor the services of his ‘weak sexa- 
genarian arm.’’ He was given a general’s 
rank and was assigned to the defense of 
Antwerp. Against great odds he held off 
the besiegers with stubbornness, but his 
consideration for the inhabitants won such 
respect that a monument in his honor was 
erected by the town. Only on the fall of 
Napoleon was the city abandoned by the 
French. 

Carnot was coldly received by 
XVIII, but he opposed the new regime 
only when it became apparent that the 


Louis 


charter was not to be respected. Then 
Carnot, an experienced pamphleteer, 
wrote a celebrated memorial to the king, 
condemning the abuses of power. The 
fabulously wide sale of this little work is 
the basis for the accompanying contem- 
porary caricature. There were at least two 
English translations of the pamphlet at 
that time. One in England was made to 
show the mildness of the new French 
government, contrary to Carnot’s asser- 
tions! The translator, mirroring British 
horror at the French Revolution, admits 
the incorruptibility and consistency of the 
author’s character; but, in view of Car- 
not’s adherence to “‘a system replete with 
error and crime,’ he would label this 





Portrait of Lazare Carnot, from a painting 
made in 1814. 


simply ‘obstinate perversity.’”’ A con- 
temporary American translation, on the 
other hand, was made by one who admired 
the ‘‘sound political truth it contains, and 
the prophetic wisdom by which it was 
inspired.”’ 

Through this memorial Carnot inadver- 
tently paved the way for the return of 
Napoleon. Seduced by the hope that this 
time the charter would be revived, Carnot 
eagerly supported the emperor, serving as 
his minister of the interior and accepting 
the title of Comte de |l’Empire. After 
Waterloo he urged Napoleon in vain not 
to abdicate; but the emperor, bowing to 
the importunities of the Chamber of 
Deputies, replied, ‘‘Monsieur Carnot, I 
have come to know you too late.” He 
agreed to follow Carnot’s advice to seek 
refuge in America, a choice which was 
denied him. Carnot served in the pro- 
visional government until the return of 
Louis XVIII forced him again into exile, 
the only minister during the Hundred 
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The original caption for this cartoon read: 


Days to be proscribed. At Magdeburg he 
continued to write and publish sonnets 
and scientific works until, in 1823, he died 
at the age of seventy. But his influence 


has persisted since then in his books and 


through his descendants. 
Only a year after Carnot’s death, the 
classic du fe u of his 


elder son Sadi was published; and a sec- 


Puissance motric 
ond son, Lazare Hippolyte, was to become 
a republican statesman whose role in op- 
position to Louis Napoleon mirrored the 
part his father had played in the days of 
Napoleon Bonaparte. Lazare Hippolyte 
had two both of achieved 
fame. One of these, Marie Adolphe Carnot, 
and became a member of 


sons, whom 
was a chemist, 
the Académie des Sciences in 1895; the 
other, named for his uncle Sadi, served as 
fourth president of the Third French Re- 
public from 1887 until his assassination 
by an anarchist in 1894, But of all the 
members of this illustrious family, the 
one who, to this day, is known as “The 
Great Carnot” is the one whom Carlyle 
described as having a “cold mathematical 
head,” and of whom another historian of 
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“T am no longer selling them 


l am giving them away.” 


‘ 


the Revolution wrote, “c’est un penseur 


qui agit.” 


Admirateur de la nature, 

Tu prétes l’oreille 4 sa voix: 

Tu pénétres dans sa structure, 

Tu découvres enfin ses lois: 

Newton disséque la lumiére, 

Franklin dirige le tonnerre, 

Lavoisier décompose l'eau: 

La terre n’est plus immobile, 

Et le miracle est inutile 

Pour expliquer un fait nouveau. 
Carnot, Ode al’ Enthousiasme 


Le spectacle des cieux m’éléve et me console: 
I] affranchit mon coeur de ces prestiges vains 
Dont le fracas du monde éblouit les humains, 
It dégage mes sens d’une pompe frivole. 


Carnot, Le Spe ctacle de la Nature 
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An exploratory approach 


to solving equations 


MAX BEBERMAN, University of Illinois, Urbana, Illinois, and 
BRUCE E. MESERVE, New Jersey State Teachers College, 


Montclair, New Jersey. 


Discovery or “directed structuring’ of a complex idea 
is not new. But is it used to good advantage 


Mucu has been written in recent years 
about the importance of exploration and 
discovery in effective learning. In general, 
it is fairly well accepted that mathematics 
students should be given frequent oppor- 
tunities and ample time to experiment 
with ideas and techniques, so that the 
final statement of a theorem or the com- 
plete description of a rule or procedure will 
be the culmination of a series of genuinely 
creative experiences. In practice, however, 
there is a tendency to curtail ‘“prelimi- 
nary”? exploration and to insist prema- 
turely upon polished rules and patterns. 
We shall not speculate upon the reasons 
for this tendency. Instead, we shall con- 
sider one way in which students may be 
allowed to explore and to capitalize upon 
their discoveries in introductory work 
with equations. The principles underlying 
this approach to the solution of equations 
apply to such statements as 

3+2=?, 
in elementary school mathematics as well 
as to the usual equations in elementary 
algebra. The keynotes of this method of 
exploration are informality and a lack of 
insistence upon verbalization.! 


2xX?=6 


2+7=5, 


1 The ideas and procedures in this article are based 
upon the experiences of the authors as members 
(1951-54) of the University of Illinois Committee on 
Secondary School Mathematics (UICSSM). The co- 
operation of the other members of the committee 


by secondary teachers? 


In an earlier paper® we described a pro- 
cedure by which students could ‘“solve’’ 
equations and inequalities using a number 
line. The set of points on a number line is 
in one-to-one correspondence with the set 
of real numbers. Each point on the num- 
ber line has a unique real number as its 
coordinate, and each real number has a 
unique point as its graph. If we use a 
literal number symbol ‘‘z”’ to represent an 
unspecified member of the set of real num- 
bers, then z is the coordinate of an unspeci- 
fied point on the number line. 

Equations in x and inequalities in xz are 
statements concerning numbers. For ex- 
ample, the inequality x+1>2 is a state- 
ment describing a particular relationship 
among the numbers z, 1, and 2. This 
statement is true when z is any member 
of a certain subset of the real numbers, 
namely, the set of all real numbers greater 
than 1. With reference to a number line, a 
student would say that the given state- 
ment is true when z is the coordinate of 
any point on the “right” of the point 





(Messrs. Babb, Nichols, Page, Pingry, and Stegmeir) 
in these experiences is hereby acknowledged. The 
point of view of the committee is evidenced in the 
recent multilithed revision of its ninth-year textbook 
entitled High School Mathematics—First Course 
(Urbana, Illinois: The Committee, University High 
School, 1954). 

2 Max Beberman and Bruce E. Meserve, ‘“‘The 
Concept of a Literal Number Symbol,’’ Tae MaTuHe- 
MATICS TreacHeR, Vol. XLVIII, (April 1955), pp. 
198-202. 
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whose coordinate is 1. In our previous 


paper we suggested that students be 
asked to deal with a great variety of state- 
ments about numbers and to identify 
portions of the number line whose points 
satisfying the state- 


have coordinates 


ments. Such “locus” experiences enable 
the student to develop an intuitive but 
sound understanding of the meaning of 
“solution” and “root’’ of equations and 
inequalities. No attempt need be made at 
this stage to have the student tell how he 
gets his answers. The student is free to 
make ‘‘wild guesses,’’ or to carry out sys- 
tematic substitutions, or to engage in any 
of a number of “immature”’ 


The number line with its ordered arrange- 


procedures 


ment of real numbers serves as a visual 
aid for the student. 

Suppose students are asked to solve a 
series of equations in 2 of the form zr+a 


=b or of the form z—a=b; that is, equa- 
tions such as r+2=3, zr—7=9, r+5=4, 
) 


xz—(—3)=5, and x+(-2 -3. Some 


] 


students will search among the points on 
the number line until they find the “right”’ 
point. As the students proceed from exer- 
cise to exercise, they discover that the 
number line is quite unnecessary; the an- 
swer can be found by subtracting a from 
b in the case of an equation of the form 
z+a=b and by adding a to b in the case 
b. They 


give up the number line as a crutch when 


of an equation of the form z—a 


they discover a more efficient method. To 
ensure that more students seek the more 
efficient procedure the teacher might pre- 
sent equations like r+25=5}. Those stu- 
dents who still retain the crutch are under- 
standably surprised when they note that 
their colleagues quickly arrive at the right 
answers. They recognize that an easier 
way exists and they are under pressure to 
discover this easier way. It is a rewarding 
experience for the teacher to observe the 
‘light’? dawning for student after student 
as each exercise is presented. Again, no 
one is asked to tell how he gets his answer. 
No student is robbed of the joy of dis- 
covery. The teacher then gives the class a 
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series of equations of the forms azx=b and 
xz/a=b. Gradually the number line aid is 
dropped by practically every student. In 
other words, the student will discover 
more abstract methods for solving certain 
types of equations. 

The need for new terms is not a pressing 
one. However, the teacher may want to 
bring in such expressions as “satisfy an 


‘ 


equation,” “root,” “solve an equation,”’ 
and “check an answer.” The students are 
well acquainted with concepts designated 
by these expressions. For example, the 
student has already checked answers be- 
cause he has been trying to perfect a pro- 
cedure of his own design; he has been test- 
ing an hypothesis which he advanced and 
the need for verification is apparent to 
him. But proper nomenclature facilitates 
discussion, and it is important that stu- 
dents recognize this fact. Therefore, the 


new vocabulary may be presented and 


students encouraged to use it. 

Students are now ready to solve equa- 
tions requiring more than one operation. 
There will be some students who can 
solve the equation 42+7=15. Fewer stu- 
dents will succeed as well with the equa- 
tion 44+8=15. At this point the teacher 
takes a more direct hand in helping stu- 
dents analyze the task before them. He 
may ask for an interpretation of the equa- 
tion 424+8=15, that is, for a student to 
relate what the equation tells about z. 
Careful questioning can usually elicit a 
reply such as “A certain number is multi- 
plied by 4, and then 8 is added to that 
If the 


teacher will place his hand or a blackboard 


product, giving 15 as a result.” 


eraser over the “42,” he will have no 
difficulty in getting the class to volunteer 
that the covered symbol stands for 7. The 
teacher can then write ‘42 =7”’; this equa- 
tion is of a familiar type. One or two more 
examples like the one above are all that are 
necessary before the class is ready for a se- 


ries of equations of the types 


axr+b=ce 





A list of such equations should be pre- 
pared in advance, for it is advisable to 
have each student proceed at his own rate 
with as much individual help from the 
teacher as the student requires. The 
slower student needs more time to dis- 
cover a method for solving (32+5)/7=8, 
whereas such equations can be solved me- 
chanically by the bright student at the 
end of a very short period of exploration. 
Therefore, the more able student should 
be asked to solve equations such as 


z?=8l, 5x? = 500, 


and 2r+1}| =5. 
However, even the slow student needs 
some experience with equations like 27=4 
and |x| =5 to keep clear the meaning of 
“root”? and other related concepts. 

The student may also be asked to solve 
verbal problems of the puzzle variety: 
“T am thinking of a number.... ” It is 
not necessary to insist upon equations in 
the solutions of these problems. Such 
problems are recommended at this stage 
to provide practice in translating key 
word expressions into appropriate opera- 
tions and to give the student an oppor- 
tunity to perceive the similarity between 
his method of solving the problems and 
his method of solving equations. Most 
students tend to identify the equation 
with the statement of the problem since 
the procedure underlying the solutions of 
both are identical. This perception will 
make it easier for the student to see the 
relationship between equation formation 
and problem solving when he works with 
verbal problems of greater difficulty. 

After repeated solving 
multiple-step equations, the student has 
developed for himself a procedure which 
probably resembles in surprising detail 


successes in 


the usual “inverse operation’? method 
described in many elementary algebra 
textbooks. If the student is pressed for an 
explanation of how or why he solves equa- 
tions as he does, he may state that “it’s 
just common sense.”’ The student means, 
of course, that his method is based upon 
familiar notions of arithmetic; he sees 
nothing “artificial’? about his procedure. 
At this stage there is value in formalizing 
the concept of the inverse operation. How- 
ever, this formalization merely involves a 
well-stated description of what the stu- 
dent has already discovered; it is an or- 
derly reconstruction of his informal ex- 
periences. The purpose of the reconstruc- 
tion is at least twofold: (1) the student ex- 
periences the pleasure which attends all 
successfully creative efforts in mathe- 
matics, that of witnessing the enthrone- 
ment of a personal discovery, and (2) the 
principle will be referred to and used later 
in the course when the concept of equa- 
tion-balancing is developed. 

The concept of balancing an equation 
should not be brought into the above 
formalization. The student never ‘did the 
same thing to both sides of the equation”’ 
in his explorations. The student did try 
to “isolate’’ x, but this was accomplished 
by operating only on the ‘right member” 
of the equation. It is ‘“‘natural’’ for the 
student to regard the right member as the 
result of a series of operations. His method 
of solution consists of identifying these 
operations, identifying the order in which 
they were carried out, and then applying 
the inverse operations in the reverse or- 
der. This is a simple and “common sense” 
procedure in the eyes of the student. He 
discovered it, and it works in every case he 
has encountered. It appears manifestly 
unfair for the teacher to force upon him 
the new concept of balance. Accordingly, 
we feel that the concept of balance need 
not and should not be introduced at the 
summarizing stage. It is relatively easy to 
present an equation, for example, 32—5 
=5—4z, which the student will not be 
able to solve by his “common sense” 
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method. The introduction of such equa- equations by using the visual aid of the 
tions provides an appropriate time to be- number line may be compelled to reject 
gin work on balancing. The balance this crutch and to develop a more efficient 
method is a more powerful one, since it but abstract procedure. We emphasized 
can be used in solving not only the equa- that students should discover this pro- 
tions which yield to the above “common cedure and that a formal statement of the 
sense’ approach but also equations which method should be considered only after 
do not so yield. Even after the balance the students were well versed in its appli- 
method has been mastered, it is highly cation. Finally, we recommended that 
recommended that the students be per- students be allowed and, indeed, encour- 
mitted to use the ‘‘common sense”’ method aged to use their ‘common sense’ method 
of their own discovery whenever this whenever it applies. In other words, we 
method is applicable. feel that the method discussed in this 

In this paper we have described a teach- paper not only provides an excellent in- 
ing procedure which permits students to troduction to formal work with equations 
“inverse operation’ tech- but also is a legitimate and effective 


discover the 
nique in solving certain types of equations. method for solving several common types 


We showed how students who first solve of equations. 





“As regards motivation of hypotheses of a 
theorem, I think it desirable for the lecturer to 
check the theorem’s validity by means of special 
cases before discussing its proof. Numerous 
counter-examples should be given to theorems 
when hypotheses are altered or relaxed. With 
this preliminary discussion of the theorem, the 
student should begin to appreciate its meaning, 
why certain hypotheses are needed, and what 
cases are carefully ruled out by the hypotheses 
By attempting to find counter-examples to the 
theorem itself and finding it to no avail, the 
student often gains an insight into the crux of 
the proof. Incidentally, one should not always 
formulate true theorems; theorems should be 
thought of as intelligent guesses or conjectures.” 

Howard Raiffa, ‘“‘Mathematics for the Social 
Scientists,’ The American Mathematical 
Monthly, October 1954 





Statistics for Teachers 


In 1850 machine power did 6 per cent of our work; in 1955 machines do 95 per cent 
The population of the United States will rise to 220,000,000 by 1975. 


‘All people do not agree in those things they would have a child taught, both with respect 
to improvement in virtue and a happy life; not is it clear whether the object of it should be 
to improve the reason or rectify the morals.’’—Aristo/le 


“The meager evidence that is available allows the following conclusions: The best of the 
high school graduates are certainly as good—and probably better—than those of the past. 
Comparison of the test scores of average high school students with scores made on the 
same tests by students of thirty to one hundred years ago indicates comparatively equal 
achievement.”’—‘‘A Policy for Skilled Manpower,” National Manpower Council, Columbia 


University Press 
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These things we believe 


BEN A. SUELTZ, State University Teachers College, Cortland, New York. 
There are fundamental principles underlying 


curriculum construction, teaching, and testing to which 


every teacher should give some thought. Some of these principles 


are well-established facts. Others 


ALL OF Us probably have a higher set of 
personal ethics and beliefs than is manifest 
by our daily living. Similarly, as teachers 
of mathematics we hold basic tenets and 
recognize basic principles considerably 
beyond our day-to-day practice. Twenty- 
five such tenets are stated here so they 
may become the basis of discussion. Prog- 
ress comes to schools through a com- 
munity of interest and effort, through a 
happy combination of (1) community 
pride and willingness to face issues, (2) in- 
spired and courageous school administra- 
tion, and (3) the fine artistry of a good 
teacher. Discussion of the. twenty-five 
items below will help school faculties to 
sense their problems, to define them, and 
to orient their thinking toward a solution 

a solution which fits that particular 


school situation. 


CONTENT OF CURRICULUM 


1. Arithmetic or mathematics shall 
serve the individual for intelligent func- 
tioning in society. This does not mean that 
the content of the curriculum shall be 
based solely upon immediate and local 
community ‘“most-used’’ procedures and 
patterns of thinking. 

2. A functional program includes con- 
cepts, information, and mathematical re- 
lationships as well as conventional skills, 


‘we believe.”’ 


processes, and written problems; and 
these should be acquired in such a way 
that they are meaningful to children. 
Their significance and use should form a 
part of the content of the curriculum. 

3. The modes of discovery and learning 
fostered by teachers and employed by 
pupils are often quite as valuable as the 
mathematical content with which they 
are used. These modes of learning thus 
become goals of content. 

4. Much of functional mathematics for 
the more casual citizen is presented to him 
by direct visual or oral avenues and, there- 
fore, our schools should feature learning 
to sense, to understand, and to think 
about situations presented via_ these 
avenues. 

5. Many 
situations should be achieved mentally 
and given orally. We have evidence that 
many pupils are greatly hampered through 
life by their inability to sense a situation, 
think about it, and form a conclusion 
without relying on paper and pencil. 

6. It is better for most pupils to learn 
basic, useful things thoroughly than to 
gain only a smattering of many things. 
This is usually true for the individual’s 
psyche and for society’s expectations from 


responses to mathematical 


its members. 
7. School and state curriculum com- 
mittees would do a service to all pupils if 
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they analyzed the mathematical content 
in terms of levels of expectation such as: 
a) all those concepts, skills, and abili- 
ties that every ordinary competent 
citizen should possess. 
(b) those additional abilities, skills, and 
understandings that are important 
and useful, and which can and 
should be mastered by the average 
and more able pupils. (Pupils of 
lesser ability need attain compe- 
tence in only the simpler phases of 
arithmetic 
those further understandings and 


abilities which the really capable pu- 
pils master; which the less capable 
students know a little about; and 
which the lower levels only sense 
somewhat their importance and sig- 
nificance in our society. 

8. As new inventions come into general 
use, those mathematical concepts involved 
must be brought into the schools, as for 
example, installment buying, channel 8, 
100,000 watts, etc. 

9. The philosophy embodied in “He 
will learn it when he needs it’’ is unsound 


as often interpreted. 


METHODS OF TEACHING AND LEARNING 


1. The way in which a thing is en- 
countered and learned affects: 

(a) the rate of learning, 

(b) the rate of forgetting, and 

(c) the enjoyment of learning. 
2. Learning which involves thinking 
and discovery by pupils is superior to 
authoritarian learning in which pupils 
merely try to memorize from a teacher or 
book. The superiority is found both in the 
degree of understanding and in retention. 

3. Certain concepts and principles are 
more readily grasped and understood and 
are less rapidly forgotten when visual and 
manual procedures are used by the pupils. 

4. Some phases of elementary school 
mathematics are best learned in an or- 
ganized program which provides for sys- 


tematic study. 
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5. Drill and repeated experience are 


necessary for “‘fixing’’ learnings so that 
pupils may proceed readily with certain 
procedures, so that they can think in terms 
of concepts and principles with a minimum 
of attention or relearning. Drill is needed 
for all phases of mathematics and not just 
for learning computational processes. 

6. Drill should follow developmental 
stages and understanding. Rote learning 
by memorization and drill is rapidly for- 
gotten; it has little residual association 
value 

7. The educational climate or atmos- 
phere of a school has a good deal to do with 
the success of learning. The role of the 
teacher is most important in setting goals 
and in creating a favorable atmosphere. 

8. Learning which capitalizes upon 
pupil experience and which builds experi- 
ences on applications helps in developing 
meaning and significance. 

9. Although pupils are usually taught 
in classes and groups, each pupil must 
learn as an individual. At certain times 
learning is facilitated by subgrouping and 
individualizing instruction. 

10. Methods of learning and habits of 
work fostered in a classroom can produce 
such concomitant values as neatness, 
orderliness, a feeling of surety, confidence, 
and other aspects of personal develop- 
ment and good citizenship. 


TESTING AND EVALUATION 


1. A good program of evaluation will 
include measurement in terms of concepts, 
information, thinking and judgment, as 
well as skills and problems. 

2. Paper and pencil tests are not ade- 
quate for evaluation of certain abilities 
such as sensing the mathematics in a 
situation. Also, testing should require 
oral-mental responses for learnings which 
are often encountered that way in func- 
tional situations. 

3. A competent teacher is constantly 
evaluating the work of her pupils through 
questioning 


observation and _ informal 
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Such evaluation is often more reliable than 
more formal written evaluation. 

4. The primary aim of testing should 
be that of facilitating learning rather than 
furnishing a school mark. It is much bet- 
ter to forestall error and to discover it 
early than it is to spend a great deal of 
time later on relearning and correction. 

5. Experimentation is needed in the 
measurement of such aspects of mathe- 
matical thinking as insight and resource- 
fulness and the ability to “project” and to 
““‘transfer.”’ 

6. If goals of several levels are set for 
pupils of differing types and abilities, 
then evaluation should also proceed at 
differing levels. Experimentation is needed 
in different media of eval- 


uation. 


modes and 


CONCLUSION 
1. We must broaden our view of the 
content of mathematics and do this in 
terms of all of the facets that are impor- 
tant to one who functions intelligently in 
our society. In doing this let us not try to 
fit all of the pupils into the mold of the 


ground-work for those who are not 
destined for mediocrity. Similarly we must 
provide for the less gifted the type of 
learnings that they can and will use. 

2. In teaching let us use all of the new 
methods and devices that are available. 
Let us remember that rote learning and 
direct memorization are very fleeting 
things, that children tend to grasp ideas 
and retain them longer when they are ac- 
tive participants in all stages of learning, 
particularly when visual and manual ex- 
periences are a part of each pupil’s dis- 
covery method. 

3. As the content of 
been broadened, so, too, must we broaden 


arithmetic has 


the scope of evaluation. Also, we must con- 
stantly be seeking better modes of eval- 
uation as well as refinement of current 
techniques. 

4. Finally, there is good evidence that 
schools achieve just about the kind and 
amount of learning that they honestly try 
to achieve. Yes, we can teach meaningful 
mathematics and children can enjoy 
learning. Let us all seek a higher artistry 


“average man.’”’ We must lay a sound in teaching. 





Notice 


The Curriculum Committee of The 
National Council of Teachers of Mathe- 
matics have information on 
curriculum studies in mathematics which 


needs to 


are now being carried out in cities, coun- 
ties, and states throughout the country. 
Reports on the work of these committees 
or suggestions on the names of persons 
who might be able to supply information 
about this work would be very useful to 
the National Council Committee. Please 
send your reports or names to Mr. Frank 
Allen, Lyons Township High School, La 
Grange, Illinois. 
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Mathematical deficiencies 


of college freshmen 


HARRISON GEISELMANN, Cornell University, Ithaca, New York. 


Information concerning the arithmetical ability 


of high school graduate sis always of interest. Should some 


of the x’s and y’s in algebra be replaced by 7’s and 8's? 


For SEVERAL YEARS, faculty members and 
administrators in the College of Agricul- 
ture at Cornell University have become 
increasingly concerned with the apparent 
lack of mathematical competence evi- 
denced by many entering freshmen. As a 
preliminary foundation for studying this 
problem, a mathematics committee was 
formed, consisting of interested faculty 
members from both the College of Agri- 
Education. 


culture and the School of 


Since evidence of students’ deficiencies 
was more or less based upon faculty ob- 
servation, a more systematic study was in 
demand. The first step in this direction in- 
volved the careful revision of the Cornell 
Mathematics 
measure mathematical skills and concepts 


Test, a test designed to 
necessary for successful academic pursuit 
in the College of Agriculture. 

An introductory phase of the study 
dealt with a comparison of the mathe- 
matical knowledge of seniors and fresh- 
men; the Cornell Mathematics Test was 
administered to the College of Agriculture 
freshmen in the fall of 1951 and to a group 
of College of Agriculture seniors who 
voluntarily cooperated. In order to elimi- 
nate any selective factors, individual dif- 
ferences in scholastic aptitude as measured 
by the Ohio State University Psycholog- 
ical Test and individual differences in 
prior academic achievement as measured 
by the Cooperative General Science Test 


were removed. Employing an analysis of 
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covariance, it was found that the seniors 
significantly surpassed the freshmen in 
knowledge of common mathematical prin- 
ciples as measured by the Cornell Mathe- 
matics Test. It appeared, then, that these 
principles were being taught by the Uni- 
versity instructors as they were encoun- 
tered in the various subjects. 

With this groundwork completed, the 
committee envisioned a longitudinal study 
encompassing practically the entire fresh- 
man class. This study would concern the 
effectiveness of a remedial mathematics 
course in the essentials of arithmetic and 
Would such a course aid the 
their 


algebra 


students to inerease and retain 
mathematical knowledge as measured by 
the mathematics placement test? Would 
this course benefit the students in their 
college, as 


subsequent achievement in 


by college grade-point aver- 


helped in 


measured 
Would the students be 
particular courses requiring considerable 


na? 
ave 
ages: 


mathematical competence, such as: chem- 


istry, physics, agricultural engineering, 


calculus, agronomy, etc.? And, finally, 
would the tendency to leave college de- 
crease as a result of the remedial mathe- 
matics course? The committee hoped that 
the experimental mathematics course 
would prove helpful in the study of these 
questions. 

The committee decided, first of all, to 
eliminate from the study the top 20 per 
cent of each freshman class, since this 
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group probably did not need, and would 
not benefit as much from, a course of this 
type. This select category was determined 
by the fall administration of the Cornell 
Mathematics Test given to all College of 
Agriculture freshmen. Feminine agricul- 
ture students were also not included in the 
study, since they represented a very small 
proportion of the freshman class. From 
the remaining group, approximately one 
half of the students were selected at ran- 
dom to enroll in the remedial mathematics 
course in the fall term of 1952. Those re- 
the group 
allowed to enroll in the course 


maining formed control and 


were not 
The two comparable groups could now be 
studied regarding answers to many of the 
questions previously posed. 

The important question, ‘What should 


be taught in the experimental course?” 


TABLE 1 


was answered in part by data secured 
from the same test. Since the Cornell 
Mathematics Test was devised to measure 
mathematical proficiencies needed in the 
College of Agriculture, it was used to 
discover the areas in which students pos- 
sessed low mathematical competence. An 
item analysis was made on the scores on 
the fall placement test, showing the per 
cent of students who correctly answered 
a given area of questions. These are shown 
in Table 1, being divided into two main 
classifications—two-year and four-year 
students. It was thought advisable, fur- 
thermore, to show the performance of the 
lower 27 per cent of each classification, as 
well as that of the entire group. 

In examining Table 1, it is well to re- 
member that these students are a “select”’ 
group. In fact, approximately 80 per cent 


CorRNELL Marnematics Test, 1952 


Per CENT oF STUDENTS RESPONDING CORRECTLY TO A GIVEN Topic 


Type of problem 


Multiplication of decimals 

Simple problems involving fundamental 
operations 

Averages 

Fractions to decimals 

Volume 

Simple interest 

Multiplying two binomials 

Pythagorean theorem 

Addition of fractions 

valuation of 
Simultaneous equations 

Ratio, including simple word problems 
on ratio 
Proportion 
Multiplication a 
Literal numbers 
Simplification of expressions 


formulas 


nd division of fractions 


:xponents 

Area and conversion 

Conversion in abstract language 
Interpretation of graphs 
Percentage 

Variation 

Word problems 

Fractional equations 

Radicals (simplification 
Substitution and solution of equations 
Interpolation 

Involved conversion of units 


Total number of students 414, including 105 two-year students, and 309 four-year students. 


entire group 


Ses ie ie 


~~ 
=r) 


or 


4-year students 2-year students 
Lower 27% Entire group Lower 27% 


96 93 91 82 


94 93 
94 ‘ 88 71 
94 88 68 
93 ‘ 82 
91 79 
89 : 43 
88 39 
87 iS 8 41 

36 

29 


63 
56 
52 
64 
21 
32 
33 
43 
60 50 

é 59 34 
20 43 35 
30 39 23 
22 26 7 
22 21 11 
41 5é 54 
22 21 11 
4 10 7 
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of the four-year students are chosen from 
the upper two-fifths of their high school 
graduating classes, and 80 per cent of the 
two-year students come from the upper 
three-fifths. As far as high school mathe- 
matical preparation is concerned, they 
are seemingly well prepared. Here is the 
record of 150 freshmen who were enrolled 
in the remedial mathematics course: 99 
per cent had taken at least one course in 
mathematics, 95 per cent had taken two, 
69 per cent had taken three, 32 per cent 
had taken four, and 15 per cent had taken 
more than four courses! Therefore, it is 
quite clear that their exposure to mathe- 
matics had not been insufficient. It is also 
clear that a considerable percentage of 
them had not grasped the fundamental 
concepts to which they had been exposed. 
It should be noted that many of the topics 
mentioned in Table 1 are encountered in 
each one of the traditional mathematics 
subjects; conseeucitly, they had been 
unes by the students. 

remedial 


met sever 
The author designed the 
mathematics course around the principles 
and concepts in which the students ap- 
peared weak, according to the results of 
Table 1 
courses, such as chemistry, physics, agri- 


In addition, instructors of various 


cultural engineering, etc., were consulted 
as to topics to be included. Surprisingly 
enough, almost all of the topics included 
are also included in the standard subject 
matter of eighth-grade arithmetic and ele- 
mentary algebra. In no sense is the con- 
tent of this remedial course final. The fol- 


lowing outline indicates the content of the 


course as it was initially presented. 


OUTLINE OF REMEDIAL 
MATHEMATICS COURSE 


Computation with the slide rule. 
It may be mentioned that an important 
phase of this topic involved estimating the 
answer and placing the decimal point. 
(Students had more trouble with the latter 
than with learning how to use the slide rule.) 
Fundamentals of algebra 
(a) Addition and subtraction of monomials 
and polynomials. 
Multiplication and division of monomi- 
als and poly nomials, 


(c) Evaluating algebraic expressions. Exam- 
ple: }(2a+6(2a—1) 

(d) Use of exponents, especially in changing 
to the standard number form. Example: 
Write the following numbers in ex- 
ponential form in which the factors will 
have only one digit before the decimal 
point: 56,000; 0.106; 345.41. 

(e) Factoring, especially as applied to ex- 
ponential numbers, Example: express 
the answer  non-exponentially—5.7 
X 10-*+4.8 K 10-8. 

Equations 

(a) Simple first degree equations, as well as 
fractional equations. 

(b) Second degree equations. 

(c) Literal equations. 

(d) Simultaneous equations in two and three 
unknowns. 

(e) Fractional equations. 

Use of equations 

(a) Concurrent and parallel forces as used 
in physics and agricultural engineering. 

(b) Use of the Pythagorean theorem in the 
solution of concurrent force prolems, 
and other types. 

(1) review of square root. 

(c) Work probiems. 

(d) Mixture problems. 

(e) Miscellaneous problems 
agricultural subjects, wherever feasible. 


applied to 


Conversion units 

Significant figures and approximation 

tatio and proportion 
Simple applications in chemistry, phys- 
ics, agricultural engineering and agri- 
cultural economics. 

Trigonometry of the right triangle. 

Review of logarithms 

teview of interpolation 

Discussion of graphs 

Supplementary topics 

(a) Review of fractions. 

(b) Changing a fraction to a decimal, or to 
a per cent. 

(c) Changing a decimal, or a per cent to a 
fraction. 

(d) Finding a per cent of a number. 

(e) Finding what per cent one number is of 
another. 
Finding the whole when a per cent, or 
part of it, is known. 
Calculation of weighted averages, and 
weighted index numbers. 
Calculation of board feet. 
Thinking in terms of letters. 
Length, area, and volume problems. 
Interest, taxes, and insurance. 
Single and successive discounts. 
Per cent of increase and decrease. 
Butterfat percentage problems. 
Fertilizer problems. 
Small and large per cents. 


The author would like to mention his 
own personal observations and viewpoints 
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formed while teaching the course. Some of 
these have already been indicated in Table 
1, but are important enough to be re- 
iterated. 

1. Most students are quite inept in 
handling fractions, decimals, and _ per 
cents. This is probably true of all parts of 
topic 12 in the outline of the remedial 
mathematics course. A few examples may 
be helpful: 

(a) .25% is equal to what fraction? 

(b) An article increased in price by 
50%, then decreased by 50%. The 
final price was what per cent of the 
original price? 

A town pians to raise $420,000 on 
property assessed at $20,000,000. 
What will be the tax rate in mills on 
a $1.00? 

Find the number of pounds of bone 
ash (15% phosphorus) that must 
be applied to an acre, to replace 
58.4 lbs. of phosphorus lost to the 
soil by leaching. 

2. There is certainly a lack of ability to 
find the decimal! point, as in the following 
slide rule problem: 

3.14.82 X7.3 
0041 

3. Students have trouble in simplifying 
algebraic expressions such as the following: 

(a) #+3X5+1% 

(b) 2a—(—b(—3b—(4a—6b))) 

4. Difficulty is encountered in fairly 
easy complex fractions, such as: 

5t 
7 

5. The students tend to do problems 
part by part, instead of setting up the 
work first, which, in many cases, saves 
much time and effort. The more intricate 
the problem becomes, the more difficult it 
is to attack “‘piecemeal.’’ The following is 
an example which caused all students 
considerable anguish: 

Find the cost of shingling a gable roof 
whose pitch is 5/14 (height + span), and 
whose length of roof is 21’, height, 5’, and 


span, 14’. The shingles cost $4.80 a 


square, a square being equal to, 334 square 


feet of roofing. 

6. As for the few standard word prob- 
lems which were demonstrated in the 
course, practically all of the students had 
forgotten how to attack them. Therefore, 
the author used a dual approach. He 
demonstrated both algebraic and arith- 
metic solutions, the latter being much 
more popular and often easier for the 
students. 

7. Evidently there is not enough work 
done in the area of literal equations, since 
the students displayed a notable weakness 
in dealing with even fairly simple types. 
There is no question about the importance 
of being able to solve an equation for 
various letters. 

8. More time should be spent in high 
school on conversion units, a topic which 
often seems to be left to the chemistry and 
physics instructors. 

One of the glaring impotencies of the 
traditional sequence of secondary school 
mathematics is that arithmetic is some- 
how left to shift for itself. The standard 
courses must be supplemented with fre- 
quent fundamentals of 
arithmetic. Furthermore, arithmetic should 
whenever it 


review of the 


be employed as a_ tool 
contributes to greater understanding than 
does algebra. One possibility would be a 
senior mathematics course reviewing the 
everyday essentials of arithmetic and 
mathematics 9n a mature level. Other- 
wise, students will continue to graduate, 
inadequately prepared arithmetically, sim- 
ply because they have forgotten the fun- 
damentals through disuse. 

Since the current research on the mathe- 
matical deficiencies of College of Agri- 
culture students at Cornell University 
will be carried on for three years, much 
more information will gradually be avail- 
able regarding specific areas of mathe- 
matical weaknesses displayed by the stu- 
dents, as well as the effects of a remedial 
mathematics course. The ultimate aim of 
this project is to improve the present cur- 
riculum of secondary school mathematics. 
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note on age problems’ 


HAZEL SCHOONMAKER WILSON, Jacksonville State College, 


Jacksonville, Alabama. 


Teachers have often been told, ‘‘Don’t always use x’s and y’s 


jor the variables. There are other letters in the alphabet.”’ 


This author asks, “Is the number 2 being used too frequently 


Most TEACHERS of elementary mathe- 
matics have had students who present an 
incorrect equation for an age problem, 
which yields the correct, solution. Such 
students, at times, can offer no justifi- 
cation other than that it gave the correct 
answer. 

A particular problem illustrating the 
point reads as follows: A father is 4 times 
as old as his son, and in 18 years will be 
twice as old as his son. Find their ages. 

The usual procedure is to represent the 

Then the 
In 18 years 


present age of the son by z. 


present age of the father is 4x 
the son’s age will be +18 and the father’s 


be] 


tz+18. The equation for z is 
fo+18=2(2-++18). 
Solvu g this equation yields 


2x=18 and z=9. 


The son is 9 and the father 36. Eighteen 
years hence the son will be 27 and the 
father 54 

The equation which some students give 
xz+2z+18. This equation can 
if e—18 is added to 
both sides of the equation. 


is r+42 


be obtained from (1 


Students will readily demonstrate how 
to obtain the equation. Some arrange their 


1 Presented at the Fifth Regular Meeting of the 
Alabama Association of College Teachers of Mathe 
matics held at Alabama College, Montevallo, Ala- 


bama, April 2. 1955 
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as a certain constant in age problems?” 


work in two columns as follows: 


Present ages Ages IS years hence 
s xr+I18 


br 2x 


Then they equated the sum of the terms 
in the first column to the sum of the terms 
in the second column. 

This “chart’’ 
if the father’s age 18 years hence is repre- 
sented by 2(2+18 


The father’s age, of course, could have 


would have been correct 
rather than by 22x 


been represented by 42+18. Another mis- 
take students make is in assuming that the 
sum of the present ages would be equal to 
the sum of the ages 18 years hence. 

case: A 


father is a times as old as his son, and in } 


Let us consider the general 
years will be ¢ times as old. Find their 
present ages. 

Represent the present ages by x and 
ax; their ages b years hence by r+6 and 
=c(a-+b). 


\a—C). 


ax+b. The equation is: ar+b 

The solution is: r=b(c—1 

In the example under discussion, a=4, 
b=18, c=2, and r=9. 

Students find that their method is not 
successful if the data are changed. For ex- 
ample, A father is 4 times as old as his son. 
In 5 years he will be 3 times as old. Find 
their present ages. 

In the 
method yields a solution: 2=b 


general case, the student’s 
a—c). 
The correct value is x=b(c—1)/(a—ce). 


These two values are the same, if, and 
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only if, c=2. This is why the student’s 
method gave the correct answer in the 
original problem. 
Consider an example representing a 
second type of age problem: A man is 20 
years older than his son. In 8 years he will 
be twice as old. Find their present ages. 
Using reasoning similar to the first type 
the student’s equation 1s: 
r+7420=74+2r+8. Solving, one ob- 
tains the son’s age as 12 and the father’s 
as 32. These ages are correct 
(gain the students find that their method 
is not successful if the data are changed, 
as in the problem: A man is 20 years older 
than his son. In 6 vears he will be 3 times as 
old as his son. Find their present ages. The 
answers are 4 and 24 
Consider the general case: A man is a 
years older than his son. In b years he will 
be c times as old. Find their present ages 
Represent the son’s age by x and the 
father’s by «+a. Their ages b years hence 
will be +b and r+a+b. The true equa- 


tion is 


The solution is x2=(a+b—be)/(c—1). 
The student’s method will give for the 
general solution «=(a—b)/(e—1). Again, 
these solutions are equal, if, and only if, 
c=2 

A third type of age problem is illustrated 
by the following example: Bill is 4 years 
older than Jane. Six years ago he was 


twice as old as Jane was then. What are 


their present ages? The correct equation is 


x—2=2(xr—6). Solving, gives for the pres- 


ent ages 10 and 14, respectively. Using 
the student’s method, the present ages 


are x and «+4. Their ages six years ago 
are r—6 and 22, respectively. The equa- 
tion is r+7+4=2+2r—6. The solution 
of this equation is r=10, which is Jane’s 
age. 

Again, when the data are changed, the 
student is unable to solve the problem. 

The general case for the above problem 
yields the solution x=(a—b+be)/(e—1). 
r=(at+b) 


(c—1). Again, these values are equal, if, 


The student’s method gives 


and only if, ¢e=2. 
A fourth type of age 
trated by the following example: Bill is 


problem is illus- 


twice as old as Jane. Four years ago he 
was 3 times as old. What are their present 
ages? The answers are 8 and 16. The gen- 
eral case gives (for the present age of 
Bill) x2#=hb(c—1 c—a). The student’s 
method gives x=(a+b)/(c—1) for Bill's 
age. These values are equal, if, and only 
if, c=2. For this type of problem it is 
necessary that a is at least 2 and that c is 
at least 3. 

In conclusion, these age problems di- 
vide themselves into four types which are 
essentially two. These are illustrated by 
the following general statements: (1) X is 
a times as old as Y. In b years (or b years 
ago) he will be (was) ¢ times as old. Find 
their present ages. (2) X is a years older 
than Y. In b years (or b years ago) he will 
be (was) c times as old. Find their present 
ages. 

The method presented by many stu- 
dents will work only in special cases. 
Therefore, may I suggest that writers of 
textbooks include, and teachers of alge- 
bra assign, some problems for which the 
produce the 


incorrect method will not 


correct answer. 





Solomon knew it 


“He that hath knowledge spareth his words. . . 


—Proverbs, 1? 


Said the math professor, “Now watch the 
blackboard while I run through it once more.” 
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@ DEVICES FOR THE MATHEMATICS CLASSROOM 


Edited by Emil J. Berger, Monroe High School, St. Paul, Minnesota 


An improved trigtractor 


by Edwin Eagle, San Diego State College, San Diego, California 


A “trigtractor” is a device which may 
be used to demonstrate the variation in 
value of each of the six fundamental trigo- 
nometric functions in all four quadrants. 
The device described below is a modifica- 
tion of the original trigtractor described by 
this writer in THE MATHEMATICS TEACHER 
in May, 1945.! 

The device described below is a large 
model designed for classroom demonstra- 
tions. By reducing the dimensions and 
having students make the device with 
heavy cardboard, it becomes an excellent 
laboratory device. 

To construct the model procure a square 
piece of Masonite or plywood approxi- 
mately 40 inches on With O as 
center and a radius of 10 inches, draw a 
circle on the Masonite square as indicated 
in the diagram (Figure 1). Next, draw 
perpendicular diameters XX’ and YY’. At 
the ends of these diameters draw CC’ and 
TT’ both tangent to the circle. Divide the 
circumference of the circle into ares that 
are multiples of 30° and 45°. Finally 
divide the diameter X X' and the tangents 
TT’ and CC’ into 1-inch intervals. All 
scale markings may be made conveniently 


a side. 


with a brush pen. 

The strip SS’ is made of plywood or 
plastic 3” by 40”. It should be marked off 
into l-inch units beginning at O and 
mounted to the base with a spindle bolt so 


Edwin Eagle, ‘‘The Trigtractor, a Visual Device 
for Teaching Trigonometry,” THe MaTHEMATICS 
Teacuer, XXXVIII (May 1945), pp. 225-228, 
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that it may turn freely about O. For best 
results it is recommended that a transpar- 
ent plastic strip be used with the scale 
markings located on a line drawn longi- 
tudinally through its middle. If OS’ is 
tinted red, it may be interpreted as repre- 
senting the negative extension of OS. The 
terminal side of an angle in standard posi- 
tion will be represented by OS. 

The strip DD’ is made of plywood or 
plastic 3” by 20”. This strip should be 
marked into 1-inch units beginning at B. 
It must be mounted to strip OS 10” from 
O with a bolt that will permit free turning 
about B. To insure sturdiness it is ad- 
visable to cut strips SS’ and DD’ so that 
they will have bulges at the points O and 


Figure 1 


ES Oo 


= 


: eres 
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B where the holes are drilled for mounting. 
If BD’ is tinted red it may be interpreted 
as representing negative values of sin 6 for 
the third and fourth quadrant values. A 
weight should be attached at D so that 
DD’ can be maintained in a vertical posi- 
tion. When using the device, it should be 
placed on a chalk rail or hung in position 
so that 7'7” is vertical. 

When SS’ is turned about O, it gener- 
ates angle @. If OX is horizontal and DD’ 
is vertical, then the ordinate of point B on 
the terminal side of any angle # can be read 
along DD’, and the abscissa along XX’. 
Length OB, the radius vector, is constant. 
If the radius of the circle is assumed to be 


unity as @ varies. For the particular angle 
indicated tan @ is measured by the distance 
XF. The device is limited to angles with 
tangent values numerically less than or 
equal to 2. If X7"” is tinted red, negative 
readings will again be indicated on a red 
scale. See 6 is measured along SS’ and for 
our particular illustration is equal to OF. 

Cot @ is measured on CC’ and is equal to 
the distance from Y to the point where SS’ 
cuts CC’. Csc 9 is measured on SS’ and is 
equal to the distance from O to the point 
where SS’ cuts CC’. If YC’ is tinted red. 
negative values will be found on a red 
scale. Thus, by rotating SS’ to form any 
angle from 0° to 360° the scales of this 


unity, then the ordinate of point B, device may be used to find approximate 
namely BE, represents sin 6 for the par- 
ticular angle illustrated in the figure. As 
SS’ is turned through one complete revolu- 


tion, the device shows clearly that sin @ 


values for all six trigonometric functions 
and illustrate clearly how these values 
vary. 

A word of caution is in order. The use of 
varies continuously from 0 to 1, thence to the trigtractor may give the students the 
0, and to —1, and finally back to 0 again, 
as 6 changes from 0° to 360°. is a length. It is necessary to emphasize 

Noting that the abscissa of angle @ is that the functions are 
ratios, and that the use of the unit circle, 
which makes one of the lengths involved 
unity in each instance, is what makes the 
other lengths represent the values of the 


impression that a trigonometric function 


trigonometric 


represented by OZ, rotating SS’ illus- 


trates the variation of cos @ as @ varies from 
0° to 360° 
The value of tan @ is measured along 


TT’. In this ease the abscissa OX remains trigonometric functions of 8. 





“Tn many elementary textbooks of algebra a 
definition of the concept of a function is to be 
found that is quite different from the definition 
adopted here. The functional relation is there 
characterized as a relation between two ‘vari- 
able’ quantities or numbers: the ‘independent 
variable’ and the ‘dependent variable,’ which 
depend upon each other in so far as a change of 
the first effects a change of the second. Defini- 
tions of this kind should no longer be employed 
today, since they are incapable of standing up to 
any logical criticism; they are the remains of a 
period in which one tried to distinguish between 
‘constant’ and ‘variable’ quantities. 

“‘He who desires to comply with the require- 
ments of contemporary science and yet does 
not wish to break away completely from tradi- 
tion, may retain the old terminology and use, be- 
side the terms ‘argument value’ and ‘function 
value,’ the expressions ‘value of the independent 
variable’ and ‘value of the dependent variable’.’’ 
—Alfred Tarski, Introduction to Logic (New 
York: Oxford University Press, 1950) 


Devices for the mathematics classroom 29 





@ HISTORICALLY SPEAKING,— 


Edited by Phillip S. Jones, University of Michigan, Ann Arbor, Michigan 


American mathematics 


The several articles on mathematics in 
America! which have recently been con- 
tributed to this department suggest that 
there is a natural continuing interest in 
this topic. Much of interest about Ameri- 
can mathematics is still little known or not 
easily found, in spite of the fact that there 


have been several earlier articles and a 


moderate number of books on this sub- 
ject.2 The purposes of this note are then 


1 Harry M. Gehman America’s Second Mathe- 
matician: Not Adrian but Adrain,"’ THe MATHEMATICS 
reacner, XLVIII (October 1955), pp. 409-410 
Phillip S. Jones, ‘“‘America’s First Mathematician,” 
THe Matuematics Teacuer, XLVIII (May 1955), 
pp. 333-338; P. 8. Jones, “*The Oldest American Slide 
Rule,” THe Matuematics Teacuer, XLVI (Novem- 
ber 1953), pp. 501-503; Edmund E. Ingalls, “George 
Washington and Mathematics Education,” Tue 
MatuemMatics Teacuer, XLVII (October 1954), 
pp. 409-410; Norman Anning, “Geometric Progres- 
sions in America and Egypt,’ THe MatTHematics 
Teacuer, XLVII (January 1954), pp. 37-40 

R. C. Archibald, A Semicentennial History of the 
American Mathematical Society 1888-1938 New 
York American Mathematical Society, 1938 
Florian Cajori, The Teaching and History of Mathe- 
natics in the United States (Washington: 1890); 
L. C. Karpinski, Bibliography of Mathematical Works 
Printed in America through 18650 (Ann Arbor: Uni- 
versity of Michigan Press, 1940). Three supplements 
to this monumental work have appeared in Scripta 
Mathematica, Vol. VIII (December 1941), pp. 233- 
236; Vol. XI (January 1945), pp. 173-177; Vol. XX 
September—December 1954), pp. 197-202; P. S. 
Jones, “Early American Geometry,”” THe MaTHE- 
MATICS TEACHER, XXXVII (January 1944), pp. 3-11; 
Semicentennial Addresses of the American Mathe- 
matical Society (New York: American Mathematical 
Society, 1938); Lao G. Simons, Introduction of Algebra 
anto {merican Schools in the Eighteenth Century 
(Washington: Bureau of Education Bulletin, 1924, 
No. 18); Lao G. Simons Bibliography of Early Ameri- 
can Textbooks on Algebra (New York: Scripta Mathe- 
matica, 1936); Lao G. Simons, Fabre and Mathematics, 
and Other Essays (New York: Scripta Mathematica, 
1939). See the essays ‘‘The Influence of French Mathe- 
maticians at the End of the Eighteenth Century” and 
“Short Stories in Colonial Geometry”; D. E. Smith, 
and J. Ginsburg, A History of Mathematics in America 
Before 1900 (Chicago: Open Court Publishing Co., 
1934 History of American Mathematics,”’ American 
Mathematical Monthly, Vol. 46 (April 1939), p.° 233, 
a bibliography 
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1} to point out some of the existing 


sources of information about American 
mathematics, (2) to add a few additional 
facts to those which have been published 
recently in this department, (3) to stimu- 
late, we hope, further contributions from 
those of our readers who have interest in, 
or information on, this topic. 

It is quite well known that the Mayas 
of Yucatan had a vigesimal place value 
number system with a zero prior to the 
coming of Europeans to the western 
hemisphere. The guipu, a hank of knotted 
cords for recording numbers used by Peru- 
vian Indians, has been often pictured.’ 
However, at least three other interesting 
aspects of American mathematics are less 
well known. Some further data on primi- 
tive arithmetics in America can be found 
in Levi Leonard Conant’s The Number 
Concept, but no thorough account of these 
That the 


earliest mathematics written and printed 


systems is readily available. 


in this hemisphere appeared in Mexico and 
Peru is consistent with the history of our 
continents but is not a familiar story to 
all mathematics Finally, the 
story of the late beginning and current 


teachers 


extent of real mathematical research in 
this country should be better known than 
it is. Our intent here is to summarize some 
of what is known about these last two 
aspects of American mathematics, and to 
invite further contributions on any of 


*L. C. Karpinski, The History of Arithmetic 
(Chicago: Rand MeNally & Co., 1925), p. 33; D. E. 
Smith and Jekuthiel Ginsburg, Numbers and Numerals 
(Washington, D. C.: National Council of Teachers of 
Mathematics), p. 33; L. Leland Locke, “The Ancient 
Peruvian Abacus,"’ Scripta Mathematica, Vol. I (Sep- 
tember 1932), pp. 37-43. 
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these three or on other topics in American 
mathematics or mathematics education. 

The first printed mathematical work in 
the western hemisphere was Sumario 
Compendioso de las quintas de plata y oro— 
con algunas reglas tocantes al Arithmetica 
by Juan Diez Freyle published in Mexico 
in 1556. How consistent with the early 
history of the Spanish explorers in the new 
world, their missionary zeal, and their 
interest in its treasures of gold and silver 
are the facts that this book was written in 
their language, and that its discussion of 
arithmetic and algebra were appended to 
material dealing with metallic ores and 
their value in various currencies! 

Altogether seven Mexican and four Pe- 
ruvian books containing substantial math- 
ematics were printed in the years between 
1556 and 1703, the date of the appear- 
ance of the first English language book 
containing mathematics to be produced 
in the western world. The first five of 
‘these books all contained mathematics 
(largely arithmetic and geometry) merely 
as material incidental to the treatment of 
other topics appropriate to an era of ex- 
ploration; namely, metals, military prac- 
tices, navigation, and the calendar. This 
latter is illustrated by the first book with 
mathematical content to be published in 
Lima, Peru, whose university is the oldest 
in this hemisphere, having been chartered 
in 1551. This book was Pragmatica sobre 
los diez dias del ano (1584). 

This same sort of practical orientation 
to be expected in a pioneering era is to be 
found in the early works produced in 
America north of Mexico. John Hill’s The 
Young Secretary's Assistant, published in 
Boston in 1703, was a copy of an English 
book which included arithmetic, and The 
Young Man’s Companion, published by 
Andrew and William Bradford in New 
York in 1705 and 1710, contained ‘‘Arith- 
metick Made Easie’”’ as its Part II. The 
first work of substantial geometric con- 
tent, Hawney’s Complete Measurer, pub- 
lished in 1801, typifies again both the im- 
portance of practical considerations in the 


earliest days of our country and also the 
use and reprinting, with only slight 
changes, of the works of foreign authors. 

From 1703 until approximately 1875 
the story of early American mathematics 
is largely one of many elementary text- 
books, first by foreign writers, later by 
American-born authors—some even in 
foreign languages, such as Peter Venema’s 
Dutch Arithmetica of Cyffer Konst pub- 
lished in New York in 1703, and, in the 
German language, Des Deutschen Bauers 
und Landmanns Rechenbuch. There is 
much of interest about this period, some 
in the references which we have cited and 
some still to be written. We invite con- 
tributions. 

Original or even merely advanced math- 
ematics received little attention in this 
country in this 1703-1875 period. Nathan- 
iel Bowditch and Adrain have 
already been mentioned in recent issues 
of this journal. Benjamin Peirce (1809- 
1880), who is known for his original work 
with linear associative algebras, Charles 
Sanders Peirce (1839-1914), who con- 
tributed to the development of the algebra 
of logic, and Josiah Willard Gibbs (1839- 
1903), who might be called the inventor of 
vector analysis, were probably the most 
original American mathematicians and 
the ones best known abroad.‘ There were 
others who perhaps should be mentioned, 
especially the young men just beginning 
their work toward the end of this period. 
The references in the footnotes will supply 
their names. We will be pleased to have 
the opinions of readers (supported with 
data) as to how many and what mathe- 
maticians should be added to the above 
list to make it a more representative pic- 
ture of American mathematics in this pe- 
riod. 


Robert 


‘For more of these men see: Raymond Clare 
Archibald, Benjamin Peirce (Oberlin: Mathematical 
Association of America, 1925); Cassius Jackson Key- 
ser, ‘‘A Glance at Some of the Ideas of Charles San- 
ders Peirce,’’ Scripta Mathematica, Vol. III (January 
1935), pp. 11 ff.; Muriel Rukeyser, Willard Gibbs 
(New York: Doubleday Doran and Co., 1942); Josiah 
Willard Gibbs, the History of a Great Mind (New 
Haven: Yale University Press, 1951). 
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There was also some popular interest in 
mathematics shown by such prominent 
amateurs as Thomas Jefferson, and by the 
existence of mathematical problem jour- 
nals, and problem departments in popular 
journals.® 

The date 1875 was selected rather arbi- 
which J. J. 
Sylvester came from England to teach at 
the new Johns Hopkins University. Here 
the first American research journal, the 


trarily. It was the year i 


American Journal of Mathematics, was 
founded in 1878. The Annals of Mathe- 
matics were first published at the Uni- 
versity of Virginia in 1884 and later moved 
to Harvard and then to Princeton, where 
it is now located. 

The New York Mathematical Society 
was founded in 1888 and became the 
American Mathematical Society in 1894. 
The Chicago World’s Fair, or 


tional Exposition, provided the occasion 


Interna- 


and location for the Chicago Congress in 
1893. An outstanding group of foreign 
scholars were invited, and attended or sent 
Felix Klein stayed on to hold a 
colloquium at Northwestern 
later that These 
stimuli which, if not responsible for, at 


papers. 
University 
year. were powerful 
least attended the beginning of a period of 
rapid growth in mathematical studies and 
research in the United States. This coun- 
try, in the span of seventy-five years or 
less, has become one of the world’s leaders 
in mathematical research 

This conclusion is partially justified by 
noting that the annual summer meeting of 
the American Mathematical Society held 
in Ann Arbor in 1955 provided the time 
and place for five other active societies to 
meet, namely the Mathematical Associa- 
tion of America, the Econometric Society, 
the Society for Symbolic Logic, the Insti- 
tute of Mathematical Statistics, and the 


5 David Eugene Smith, ‘“‘Thomas Jefferson and 
Mathematics,’’ Scripta Mathematica, Vol. I (Septem- 
ber 1932), pp. 3 ff. 

* Benjamin F. Finkel, ‘A History of American 
Mathematical Journals,’’ National Mathematics Maga- 
zine, Vol. XIV (January 1940), pp. 197 ff. 


Society for Industrial and Applied Mathe- 
matics. 

This last, less than five years old, typi- 
fies the 
mathematics to be found in this country 


increased interest in applied 
which in the past has made its greatest 
contributions to pure mathematics. Four 
of the six mathematical journals founded 
in this country in the last fifteen years are 
chiefly concerned with applied mathe- 
matics or computation. There are today 
more than sixteen research level American 
mathematical journals. The weasel words 
“more than sixteen’”’ and “research level”’ 
are necessary because in counting sixteen 
I omitted the recently founded Journal of 
the Operations Research Soci ly of America 
as well as such older journals as Econo- 
metrica because some would quibble that 
they were not really classifiable as mathe- 
matical journals; and I have omitted 
others, such as Scripta Mathematica, as not 
being really a research journal; and finally 
several smaller and less regularly pub- 
lished periodicals such as the Michigan 
Mathematical Journal have been omitted 
merely because of their lesser size and 
breadth of distribution. 

The story of rapid growth in American 
mathematical productivity is only im- 
plied by this sketchy data on research 
journals. Perhaps someone will supply us 
with a better measure of its quantity 
Another interesting project would be to 
prepare an analysis of the areas in which 
American mathematicians have been most 
interested and productive. 

The men who are respectively president 
of the American Mathematical Society 
and president of the Mathematical Asso- 
ciation of America typify several aspects 
of modern American mathematics. 

The president of the Society, Raymond 
L. Wilder of the University of Michigan, 
is an internationally known topologist 
whose doctorate was obtained under R. L. 
Moore at the University of Texas. Wilder 
was also a fellow of the Institute for 
Advanced Study at Princeton, where O. 
Veblen was a permanent member. Veblen 
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and R. L. Moore were both students of 
E. H. Moore (1862-1932) of the Uni- 
versity of Chicago whose influence on 
American mathematics extended even to 
secondary education as a result of the 
famous address which he delivered at the 
time he retired from the presidency of the 
Society. Topology, modern abstract alge- 
bra, and modern logic have been fields 
well cultivated by American mathematical 
scholars. 

R. L. Duren, Jr., president of the Asso- 
ciation, who obtained his doctorate at the 


University of Chicago, was also at one 
time a fellow of the Institute for Advanced 
Study, and, after a number of years as 
head of the Department of Mathematics 
of Tulane University, has just accepted 
the Deanship of the College of Arts and 
Sciences of the University of Virginia. 
Duren’s chief mathematical interests have 
been differential equations, quantum me- 
chanics, and the calculus of variations for 
which G. A. Bliss and Oscar Bolza had 
made the University of Chicago mathe- 


matically famous. 





Words! Words! Words! 


‘* ‘When I use a word, it means just what I 
choose it to mean—neither more or less.’ 

“« *The question is,’ said Alice, ‘whether you 
can make words mean so many different 
things.’ 

“*The question is,’ said Humpty Dumpty, 
‘which is to be the master—that’s all’.’”,-—Lrwis 
CaRROLL, Through the Looking Glass 


In our teaching, the fundamental ideas of 
mathematics are frequently not associated, even 
though a close relationship exists. The idea 
associated with the term, “unknown,” is a case 
in point. In secondary instruction, and even in 
college instruction, it is too often ‘‘the letter 
number as found in an equation.” Rather 
mystical, to be sure. But is it instructive? 

In the secondary school, it is common prac- 
tice to give exercises in which two sets of 
numbers are given in paired form. The problem 
is to express a condition which these pairs of 
numbers satisfy. Thus 

Beet 5 

2 t 6 8 10 
Here y=2*, where the letters z and y are merely 
place holders for numbers selected from Set X and 
Set Y, is a condition satisfied by pairs of num- 
bers. In this instance, two sets of numbers are 
given, and a condition is derived which is satis- 
fied by numbers paired by means of the formula 
y =2*. 

Here is another situation. Let S be the set 
of numbers {2, 4, 6, 8, 10}. A condition satisfied 
by members of this set of numbers is “‘z/2 is an 
integer.” z —1<12 is another condition satisfied 
by members of this set. There are many others. 

So far, one aspect of the problem has been 


presented—a set of numbers (or number pairs) 
has been given, and a condition has been found 
which is satisfied by every member of the set. 

The reverse process is now of interest. If the 
condition is known, then find the set of num- 
bers which satisfy this condition. For example, if 
zx serves as a place holder for any of the real num- 
bers, what set of numbers can be built from the- 
condition z? —9 =0? Obviously, the set { —3, 3}. 
Here the letter z (usually called an unknown) 
plays the same role that it did in any of the pre- 
vious illustrations. It is a place holder for a real 
number. However, we are asked to find that sub- 
set of real numbers which satisfy the condition. 

If y is a place holder for any of the positive 
integers, what set of numbers satisfies the con- 
dition that y<11? The set is {1, 2, 3, 4, 5, 6, 7, 
8, 9, 10}. 

In elementary instruction two situations are 
usually presented: (1) A set of numbers (or num- 
ber pairs) is given and a condition written which 
is satisfied by members of this set. In this situa- 
tion the letter z is usually called a variable. (2) 
A condition is given and a subset (usually a sub- 
set of the real numbers) is to be found whose 
individual members satisfy the condition. In 
this situation the letter z is usually called an 
unknown. 

The term, ‘“‘unknown,”’ is too well established 
to think of eliminating it from the elementary 
courses in algebra. However, it might make alge- 
bra just a little easier for the freshman to learn 
if “unknown” were eliminated and the term 
“variable” used in its place. Of course, if this 
were to be done, it would not be advisable to 
tell the freshmen that ‘‘a variable is a quantity 
that varies” or that “x is a general number.”’— 
Henry Van Engen 
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®@ MATHEMATICAL MISCELLANEA 


Edited by Adrian Struyk, Clifton High School, Clifton, New Jersey 


Statistics and baby chicks 


by John G. Shuster, Burlington High School, Burlington, New Jersey 


Seventy-five years ago my grandfather 
shipped from Frenchtown what is con- 
sidered to be the first shipment of baby 
chickens on The chickens went 
to California, and in spite of the distance 
only around 12% died. The baby chicken 


record. 


industry is now a multimillion-dollar 
industry. 

At first the baby chickens were shipped 
as hatched. It is generally assumed that 
50% will be cockerels and 50% pullets. 
Consequently, a customer in the egg bus- 
iness would have to buy at least twice as 
many baby chickens in order to secure the 
desired number of hens. The young cock- 
erels were disposed of, sometimes at a 
loss. 

This picture was changed when it was 
discovered that it was possible to deter- 
mine the sex of baby chickens at a very 
early age. It is now possible to buy baby 
pullets (about 96% certain) or baby 
cockerels. Baby White Leghorn 
may bring as much as 25¢ each, while the 


pullets 


baby cockerels may be purchased for as 
little as 3¢ each. 

Many farmers still buy unsexed baby 
chickens. They raise the pullets for egg 
production, and put the cockerels in 
their freezers for home consumption or 
sell them as broilers. Sometimes it happens 
that a very considerable number of a lot 
of baby chickens will turn out to be cock- 
erels. The purchaser naturally asks the 
following questions: (1) Did this lot hap- 
pen to have an unusually large number 
of cockerels Or (2) did the 
hatchery select out a number of the more 


by chance? 
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valuable pullets? If it is felt that a num- 
ber of pullets were “stolen” from the ship- 
ment no more business would be given to 
the suspected hatchery. 

A farmer recently asked me if it was 
possible to have by chance 236 cockerels 
out of 400 chickens. One of the best ways 
to answer this is to use the chi-square 
test. 

Normally it is expected that half of the 
baby chickens will be cockerels and half 
will be pullets. This is the so-called 50:50 
hypothesis. If 2.M is the number of chick- 
ens in a shipment, and if S; and S2 are 
the samples actually received instead of 
the expected M:M, then chi-square is 
given by 


 (Si-M)? (S2—M)? 
Y= + 


M M 


In the case of 400 baby chickens with 
S,=236 and S.=164 the expected is rep- 
resented by M =200. Then 
(+36)? (—36)? 
= + = 12.96. 
200 200 

In a chi-square table the 1:5000 value is 
12.1. Hence there is less than one chance 
in five thousand that there could be so 
many cockerels and so few hens by chance. 
Obviously it might be wise to buy chickens 
from another firm. 

If many cases are to be computed where 
the 50:50 hypothesis is used, an easier 
formula can be derived. Suppose a and b 
to be the actual numbers of cockerels and 
pullets; then 4(a+) represents the ex- 
pected M under the 50:50 hypothesis. 
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With these values (1) becomes 


a —p)* 


a+b 


Using this formula with the 236 cockerels 
and 164 pullets: 
72)? 
-= 12 OG 


100 


as was obtained hefore. 


Suppose that, in a lot of 400 baby 


chickens, 218 were cockerels and 182 were 
pullets. Then (2) gives 
x? = 1296 /400 = 3.24. 


This value of x? lies between the 1:10 
probability value and the 1:20 value 
(i.e. between 2.71 and 3.84). The conclu- 
sion from this is that it is possible some- 
times to secure results this bad by chance. 

If the numbers were 209 and 191 the 
value of x? is 0.81. This lies between the 
tabulated values of 1:2 (0.46) and 1:3 
(1.07), and is quite possible. 


Perfected Benjamin Franklin magic squares 


Editor’s Note: Mr. Anema, a lightning calculator 
ind peerless constructor of magic squares, has 
kindly consented to publication of the truly 
remarkable panmagic squares presented in these 
pages. This material is excerpted from an exten- 
sive manuscript which contains the results of 
exhaustive research on eighth-order panmagic 
squares 4. Struyk. 


In the original 8th-order magic squares 
constructed by Benjamin Franklin, the 
totals of the two main diagonals deviate 
by —32 and +32, respectively, from the 
required magic sum 260; and in the 16th- 
order the corresponding deviations are 
—128 and +128. Because of this imper- 
fection, the squares actually are not magic 
Nevertheless, the 49 
cell x two-cell squares with constant total 
130, and the 20 bent diagonals with con- 
stant total 260, as found in the 8th-order 
squares, and similar fascinating properties 
in the 16th-order, aroused real interest. It 
may be that the versatility of Franklin 


squares. two- 


added luster to his magic squares. There 
are, indeed, some magic-square construc- 
tors who apparently have no interest in 
them and think little of them, perhaps 
because they failed to perfect them. 
What may be the reason that Franklin 
and other magic-square constructors failed 





by Andrew S. Anema, Seattle, Washington 


» 


to perfect these squares? Seemingly, they 
all overlooked a very simple principle in 
their 8th-order 


squares the first 32 numbers must be 


construction: that in 


placed in their respective cells so that each 
main diagonal and each of the eight col- 
umns has the constant total 2(1+32) =66; 
and in 16th-order squares the first 128 
numbers must be so placed that each main 
diagonal and each column has the con- 
stant total 4(1+128)=516. The reader 
may observe this principle applied in the 
accompanying examples 
possess the interesting characteristics of 


squares which 


Franklin’s arrays, perfected so as to be 
true magic squares, and enhanced with 
additional properties as noted below. 
The 8th-order magic square shown here 
has the following properties: 
(1) In each row, column, and main 
diagonal, the eight numbers total 260. 
(2) In each of the 14 broken diagonals 
the eight numbers total 260. 
Examples: 
57 +56 +22 +27 +47+34+4+4+13 = 260 
97 +16+24+35+47 +264+24+53 =260 
Hence this is a pandiagonal magic square. 
(3) In each of the 20 bent diagonals the 
eight numbers total 260. 
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Examples: 

57 +56+22+27+38-+-43+9+8 =260 

63+50+6+11+22+27+47+34=260 

(4) In each of the 49 four-cell squares 
the sum of the numbers is 130. 

(5) There are 50 vertical eight-cell horse- 
shoes, in each of which the numbers total 
260. 

Examples: 

1+52+57+56+ 11+6+15+62 =260 

12+57+52+61+2+15+6+55 = 260 

For the 16th-order square the list of 
properties is as follows: 

(1) The sum of the numbers in each 
row, column, and main diagonal is 2056. 

(2) The sum of the numbers in each of 
the 30 broken diagonals is 2056, making 
the square panmagic. 

(3) The total in each of the 36 bent 
diagonals is 2056. 

(4) The sum of the numbers in each of 
the 225 two x two squares is 514. 


2 | 250 





Ce aad 
l . 61 2 62 3 «63 

52 16 5] 15 | 50 | 14} 49} 13 
57 5 58 6 59 7 | 60 8 
12 36 11 | 55 10 4 9 | 53 
4 {1 22 12 23 | 43 | 24 : 14 
r ) | 28 39 27 38 | 26 | 37 25 
15 17 16 18 | {7 19 | 48 | 20 
32 | 36 31 35 34 | 29 33 
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(5) There are 169 eight-cell crosses (the 
two diagonals of a 4 x 4 square), each 
having a 1028 total. 

(6) There are 121 twelve-cell crosses (di- 
agonals of a 6 x 6 square), in each of which 
the numbers total 1542. 

(7) There are 338 vertical eight-cell 
horseshoes, each with a 1028 total. 


1| 249 3/251| 4/252! 5/253! 6/25 
232) 32/231 31/230| 30 229 29 228 28/227 27 226 26 225 25 
41-9 242/ 10/243) 11/244 12 245) 13 246 14 247. «15 248 16 
24/240 23 239 22/238 21/237 20/236) 19 235. 18 234 17 233 
41/209; 42/210) 43 211| 44/212) 45/213) 46 214. 47 215 48. 216 
208, 56/207; 55/206] 54 205] 53/2041 52/203) 51 202 50/201. 49 
1217! 33/218) 34/219| 35/220| 36/221 37/222) 38/2231 39 224. 40 
| 64, 200/ 63/199] 62/198! 61/197) 60/196. 59/195| 58 194| 57) 193| 
65/185; 66|186| 67|187 68 188| 69/189) 70|190| 71 191| 72) 192| 
168! 96/167) 95\166| 94/165; 93|164| 92 163! 91/162 90 161, 89 
177| 73/178 74|179| 75|180| 76 181| 77/182) 78/183| 79/184, 80) 
88 176) 87,175) 86/174| 85/173) 84/172) 83/171 821170 81 169! 
105 145 106| 146 | 107| 147/108 148/109 149/110! 150. 111. 151 112. 152! 
144/ 120| 143 119 142 118 141 117| 1401 1161 139/115 | 138 114) 137 113 | 
153| 97 154, 98/155) 99/156 100 157/ 101/158, 102| 159| 103 160 104 
128 | 136| 127) 135 | 126| 134) 125 | 133) 124| 132/ 123| 131 | 122! 130/ 121 | 129| 
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@ MATHEMATICS IN THE JUNIOR HIGH SCHOOL 


Edited by Lucien B. Kinney, Stanford University, Stanford, California 





and Dan T. Dawson, Stanford University, Stanford, California 


Why study mathematics in the 


secondary schools? 


by Mildred Flanagan, Portland State College, Portland, Oregon 


Note: One of the perplexing problems in second- 
ary mathematics is to get the right pupils into 
the right courses. This calls for intelligent coun- 
seling of parents as well as students by both 
junior high and secondary school teachers who 
are aware of social and adult requirements for 
mathematics. An awareness of counseling re- 
sponsibilities is rapidly becoming an important 
part of the preparation for teaching in the junior 
high school. Accordingly, there is an increasing 
need for a statement identifying the purposes 
of mathematics. 

The students in a summer course for teaching 
of junior high and high school mathematics 
thought through the problem involved in the 
present situation. Below is an interesting paper 
produced by one of them.—Gerald W. Brown, 
Los Angeles State College, Los Angeles, California. 


You are interested in why we teach 
mathematics in our schools. Probably you 
are also interested in what mathematics 
your son or your daughter will need to 
take in high school. 

First let us say that a certain amount of 
mathematics is basic for everyone. Call 
that mathematics the mathematics used 
in the home. Your son will need enough 
mathematics to handle his money wisely, 
to understand installment buying, to 
check his bank account, to finance a 
home, to pay interest on a mortgage, to 
make an investment, or to pay the taxes. 


Your daughter will need mathematics 


when she manages the food budget, plans 
the family wardrobe, counts the calories 
in the daily menu, or cuts the proportions 


in a recipe. Both will want to understand 
the various forms of life, 
health, accident, unemployment, and au- 
tomobile. Some mathematics is needed to 
understand state and federal taxation. To 
participate intelligently in church budgets, 
community chest drives, and the voting of 
measures involving the spending of public 
funds, the average citizen needs some 
mathematics. 

Mathematics needed in the home is not 
limited to one’s personal affairs. For 
reading newspapers, increasing use of such 
words as ratio, unit, average percentage, 
variable, constant, dimension, formula, and 
the like are symptoms of a long-time trend. 
Graphs are an important part of our news- 
papers and magazines. Tables of statistics 
on employment, overtime schedules, opin- 
ion polls, rainfall measurements, bank 
rates, speed limits, freight rates, stoek and 
bond summaries, national debts, taxes, 
baseball standings, are all part of our every- 
day reading. 

In addition to the mathematics needed 
in the home, each vocation has its special 
requirements. Farmers, for instance, can- 
not understand government bulletins writ- 
ten for them unless they can read graphs 
and understand the meaning of such 
mathematical ideas as parity and indexes. 
For an interesting treatment of the math- 
ematics needed for various vocations, I 


insurance: 
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refer you to the Guidance Pamphlet in 
Mathematics for High School Students pub- 
lished by the National Council of Teachers 
of Mathematics, and to the various 
pamphlets available upon request from 
some of the big companies, such as 
Mathematics at IL.B.M., Why Study Math?, 
and Mathematics at General Electric. 

To touch very briefly on a few of the 
professions which require four years of 
high school mathematics, I mention in- 
dustrial scientists, exclusive of engineers. 
In 1946 there were about 55,000 in in- 
dustrial laboratories. In 1950 there were 
about 71,000, and in 1954 at least 86,000. 
Engineers belong to one of the largest and 
fastest growing professional groups. From 
30,000 in 1890, to 245,000 in 1940, and to 
500,000 in 1950 is quite an increase! The 
nation needs many more. The present 
shortage is variously estimated, but is at 
least 40,000. Thirty thousand annually 
will be needed for the next several years, 
unless all-out war occurs. In that event, 
the need would rise sharply. It is esti- 
mated that there will be no more than 
30,000 graduates by 1963, and by then, 
of course, the demand will probably have 
increased too. 

A. S. Householder of the Oak Ridge 
National Laboratory, Oak Ridge, Ten- 
nessee, writes, “If we are told that, inas- 
much as there are computing machines, 
or thinking machines, or electronic brains, 
or what have you, therefore it is no longer 
important that students learn mathemat- 
ics, we can be assured that nothing can be 
further from the truth. Millions of dol- 
lars are being spent every year by indus- 
try and government on the design and 
construction of Here 
again is evidence of the importance of the 
role played by mathematics in the opera- 
tion of contemporary technology. But 
only the mathematical understanding of 
human beings can recognize and formu- 
late the problems that require solution, 
can devise the methods to be used for 


these machines. 


solving them, and can interpret and apply 
the solutions once they are found... . It 
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would undermine the foundations of the 
very technology that can produce and 
effectively utilize these machines for us 
to relax and expect them to relieve us of 
the necessity to learn and understand 
mathematics.”’ 

Paul Brock, Manager, Technical Serv- 
ices Department, Electro Data Corpora- 
tion, Pasadena, California, says, ‘‘Today 
there is an urgent need for mathematically 
trained personnel in industry. This need 
is increasing and is expected to continue 
increasing for many years to come. The 
principal sources of individuals to fill this 
need are, of necessity, the schools of the 
country .... The students today who will 
soon run our government, operate our 
public institutions and direct our business 
and industry must have a strong mathe- 
matics background.”’ 

The time to acquire essential mathe- 
matical understandings is in high school. 
Many people discover only after they have 
finished high school that they have not 
taken enough math. Make-up courses in 
college, correspondence courses, and high 
school are time consuming and costly. 
Unless the pupil takes the suitable courses 
in high school and junior high school, he 
may be discouraged from entering an 
interesting and profitable career. 

These are the utilitarian and socially 
necessary aspects of the uses of mathe- 
matics. We do not have time to consider 
the broader, and perhaps more important, 
contributions of mathematics to the en- 
richment of living. 

I have not mentioned the study of 
mathematics as a background for en- 


joying many of the things about us—the 
appreciation of a fine piece of architecture 


or of a great painting, a means of seeing 
new beauty in nature. Nor have I men- 
tioned the enjoyment of the subject just 
for itself—the high- 
school student who, properly taught, has 
been successful in his course and will tell 
you, “Algebra is fun!’ Perhaps his enjoy- 
ment would be reason enough for offering 
the course. 


satisfaction of a 
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®©@ MEMORABILIA MATHEMATICA 


Edited by William L. Schaaf, Brooklyn College, Brooklyn, New York 


Some reflections 
on the teaching of geometry 


“T should like to see elementary geom- 
etry, as at present taught in all but a few 
schools in the United States, pitched neck 
and crop out of education.’”! 

Although Professor Bell 
conviction fifteen years ago, it would seem 
that there is little reason for him to change 
his mind today. As a matter of fact, he 
had been frankly critical of geometry 
teaching before this. For example: 


voiced this 


Any one who was subjected to elementary 
geometry when his infantile brain was as un- 
ripe as a green walnut will recall the protracted 
misery he endured. Through stupid exercises 
of cutting out cardboard squares, rectangles, 
and circles, and measuring and weighing them, 
he struggled to placate his teacher by “redis- 
covering” the idiotically simple “rules” for 
finding the areas of such things. As scissors- 
and-balance gymnastics these tortures may 
have been excellent initiation to the mysteries 
of a school laboratory in physics. As an intro- 
duction to mathematics, and in particular to 
geometry, they were silly, incompetent, im- 
material, and irrelevant.? 


And again, a few years earlier: 


Consider the rigid Euclidean  lockstep 
through which we all plodded at school. Until 
we had been through the treadmill a dozen times 
we did not begin to see where the next step was 
to go, or where the one behind it had come from. 
To most of us it was all a sort of penal servitude. 
It was supposed to teach us deductive reasoning 
in the classical Greek pattern. But did it? Our 
assent to the logic of the whole dreary punish- 
ment was obtained by what we suspected of 
being a low subterfuge. We were clubbed into a 
dazed submission by a rap on the head with 
something as soft as a bologna sausage but as 
deadly as a blackjack. And when we first at- 
tempted to do some of the original exercises 
on our own account we woke up to the fact that 


1. T. Bell, ‘‘Buddha’s Advice to Students and 
Teachers of Mathematics,’ Tot MATHEMATICS TEACH- 
ER, X XXIII (October 1940), p. 254. 

2E. T. Bell, Handmaiden of the Sciences (Balti- 
more: Williams and Wilkins, 1937), pp. 6-7. 





we had not only been blackjacked but thorough- 
ly swindled as well. We had never paid half 
enough attention to the simple-looking assump- 
tions from which everything followed so smooth- 
ly.3 


Let us turn for a moment to a more char- 
itable side of the picture. Ask any hundred 
mathematics teachers why young people 
should be required to study demonstrative 
geometry, and ninety-nine will at once 
reply: in order to learn to think critically, or 
words to that effect. This position, held by 
educators from the time of Augustus de 
Morgan and Isaac Todhunter down to the 
present, on both sides of the Atlantic, was 
stated in the best manner nearly twenty 
years ago: 


Logic is a statement in technical form of 
the conditions under which reasoning is rigor- 
ously demonstrative. If the object of general 
education is to train the mind for intelligent 
action, logic cannot be missing from it. Logic 
is a critical branch of the study of reasoning. 
It remains only to add a study which exemplifies 
reasoning in its clearest and most precise form. 
That study is, of course, mathematics, and of 
the mathematical studies chiefly those that use 
the type of exposition that Euclid employed. 
In such studies the pure operation of reason is 
made manifest. The subject matter depends on 
the universal and necessary processes of human 
thought. It is not affected by differences in 
taste, disposition, or prejudice. It refutes the 
common answer of students who, conformable 
to the temper of the times, wish to accept the 
principles and deny the conclusions. Correct- 
ness in thinking may be more directly and im- 
pressively taught through mathematics than 
in any other way.‘ 


Obviously the entire question of transfer 
of training is implicitly raised by the last 
sentence of Hutchinson’s paragraph. While 
we have no intention of going into that 


SE. T. Bell, The Search for Truth (Baltimore: 
Williams and Wilkins, 1934), p. 163. 

“R. M. Hutchins, Higher Learning in America 
(New Haven, Conn.: Yale University Press, 1936), 
pp. 83-84. 
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question here, the following observation 
by two contémporary mathematicians is 
quite apropos: 

Now it must be admitted that an under- 
standing of abstract reasoning, as exemplified 
by modern standards of rigor in mathematics, 
does not automatically make for clear and care- 
ful thinking on all subjects. ... In addition to 
the understanding of the nature of a proof, 
there are needed also the desire to transfer that 
understanding into other fields, and the open- 
mindedness to permit the transfer to be made. 
Sut certain it is that the transfer is impossible 
if there is nothing to transfer. 

But these two writers are also very real- 
istic: 

The study of mathematics as the prototype 
of logical thought does enjoy a current vogue 
imong the professional practitioners, but no 
more than a hint of this fact has distilled over 
into the classrooms 

True, a certain lip service is paid to the 
“axiomatic method”’ in many high school courses 
in Euclidean geometry, but the standards of 
rigor are out-of-date by well over twenty cen- 
turies! Actually the small gesture toward the 
recognition of the value of careful thought, 
represented by the usual high school geometry 
course, almost certainly does more harm than 
good. The critical student is inclined to feel 
that a “logic’’ which includes the parroting of 
such abracadabra' as, “‘The whole is equal to 
the sum of its parts”’ . is not for him. The 
trouble is simply that Euclidean geometry is 
more difficult branches of mathe- 
matics to treat axiomatically.® 


one of the 


In fact, I venture to suggest that this is 
a modest understatement. Not only do 
the standards of rigor in many geometry 
classrooms leave much to be desired, but, 
infinitely more tragic, a vast preponder- 
ance of students, upon completion of their 
study of high school geometry, have little 
or no appreciation of the nature or signifi- 
cance of a postulational system. No won- 
der there is no transfer: they haven't 
anything to transfer! 

Note also, please, the fact brought out 
in the last quotation above, namely, that 
it is difficult to treat Euclidean geometry 
axiomatically. This is true not only from 
a mathematical standpoint, but also from 


psychological considerations, a fact which 


‘ R. B. Kershner and L. R. Wilcox, The Anatomy 
of Mathematics (New York: Ronald Press Co., 1950), 
P- 4. 

6 Op. cit., pp. 3-4. 
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was recognized many years ago by one of 
the leading exponents of postulational 
methods: 

On account of the simple nature of the con- 
cepts with which it deals, algebra is better 
suited than geometry to serve as an illustration 
of what is essentially involved in mathematical 
reasoning. In geometry, the very concreteness 
and familiarity of the subject matter is apt to 
obscure the logical structure of the science, 
while in algebra, the more abstract character of 
the theorems makes it easier to fix the attention 
on their formal relations.’ 

To be sure, in recent years someone 
timidly suggests every so often that ele- 
mentary algebra be presented in a more 
“rigorous” fashion, with some explicit 
attention given to undefined terms, postu- 
lates, proofs, and so on. But, to my knowl- 
edge, nothing startling has as yet emerged 
from these suggestions. Nor do I believe 
there ever will. What, then, is the answer? 
Abandon ship? Throw out the hallowed 
year of ‘demonstrative geometry”? Em- 
brace some hybrid conglomeration of 
‘inductive experimental discoveries” in- 
termingled with some propositions simply 
accepted at face value? 

None of these would seem to be the an- 
swer. As Bell has pointed out elsewhere,® 
even the most elementary mathematics 
can be so presented that two cardinal 
facts shall become lifelong acquisitions: 
(1) without assumptions there is no proof; 
(2) no demonstration proves more than is 
contained in the assumptions. 

If it is necessary—and I believe it is—to 
teach some principles of logic and to deal 
with non-geometric material, then in heav- 
en’s name, why not do it? The unini- 
tiated learner will not find Euler’s circles 
difficult to understand. With such dia- 
grams it is a simple matter to show the 
beginner why it is possible to arrive at a 
true conclusion by an invalid argument, 
or why a perfectly valid argument may 


7E. V. Huntington, ““The Fundamental Proposi- 
tions of Algebra,’’ in Monographs on Topics of Modern 
Mathematics, J. W. A. Young (ed.) (New York: 
Longmans, Green & Co., 1911, 1927), pp. 152-153. 

8 E. T. Bell, “The Meaning of Mathematics,” The 
Eleventh Yearbook, The National Council of Teachers 
of Mathematics, 1936, p. 138. 
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lead to a false conclusion, or why the con- 
verse of a true statement is not necessarily 
true, etc. It should not be difficult for 
young people to understand why the con- 
verse of a definition must be true, or why 
the converse and the inverse of a proposi- 
tion are either both true or both false. It is 
even possible for them to understand why 
a proposition and its contrapositive are 
logically equivalent statements. 

If we really want to teach pupils how to 
think critically, then let us teach them 
some principles. of logic with geometric 
content as well as non-geometric content. 
If we want them to know what a postula- 
tional system is, then let us build up a 
simple system. It isn’t necessary to labor 
painfully through 106 required proposi- 
tions, or 88, or even 50! A couple of dozen 
will do it, provided we go at it the right 
way. I believe both can be done. If so, I 


am convinced that they should be done. 


Edmund Halley 
on mortality tables 


As is common knowledge today, the 
scientific basis for life insurance rests upon 


tables of mortality. These did not come 


into general use until toward the end of the 
eighteenth century, subsequent to the 
publication of the famous Northampton 
Table of 1783, which was crudely and un- 
scientifically constructed. It was followed 
some thirty years later by the Carlisle 
Table (1815), which, although built upon 
limited statistical data, was nevertheless 
carefully compiled. We are more interested 
here, however, in the earlier attempts. 
The registration of deaths was begun in 
England by Henry VII as early as 1532. 
By 1630 the weekly Bills of Mortality 
issued in London had become fairly com- 
plete and well established. The first im- 
portant published treatise along these 
lines was John Graunt’s Observations on 
the London Bills of Mortality in 1662. 
Soon thereafter a crude attempt was made 
by Jan de Witt in 1671 to evaluate the pur- 
chase price of annuities. But only with 


the publication of a classic paper by the 
astronomer Edmund Halley in 1693, can 
modern actuarial science be said to have 
begun. The paper first appeared in 
Philosophical Transactions, Vol 17 (1691- 
1693), and was later reprinted in M7iscel- 
lanea Curiosa, Vol. 1 (1726). It is entitled 
An Estimate of the Degrees of the Mortality 
of Mankind, drawn from Curious Tables 
of Births and Funerals at the City of Bres- 
law; with an Attempt to ascertain the Pric 
of Annuities upon Lives. From this famous 
paper, in keeping with our nostalgia for 
the spirit of past eras, we cull a few ex- 
cerpts which may help the reader share 
in this experience. We read: 


The Contemplation of the Mortality of Man- 
kind, has besides the Moral, its Physical and 
Political Uses, both of which have been some 
Years since most judiciously considered by the 
curious Sir William Petty, in his Natural and 
Political Observations on the Bills of Mortality 
of London, owned by Captain John Graunt: 
And since in a like Treatise on the Bills of Mor- 
tality seemed even to their Authors to be de- 
fective: First, In that the Number of the People 
was wanting. Secondly, That the Ages of the 
People dying was not to be had. And Lastly, 
That both London and Dublin, by reason of the 
great and casual accession of Strangers who die 
therein, (as appeareth in both, by the great 
Excess of the Funerals above the Births) ren- 
dred them incapable of being Standards for this 
purpose; which requires, if it were possible, that 
the People we treat of, should not at all be 
changed, but die where they were born, without 
any adventitious Increase from abroad, or De- 
cay by Migration elsewhere. 

This Defect seems in a great measure to be 
satisfied by the late curious Tables of the Bills 
of Mortality at the City of Breslaw, lately com- 
municated to this Honourable Society by Mr. 
Justell, wherein both the Ages and the Sexes 
of all that die, are monthly delivered, and com- 
pared with the Number of the Births, for five 
Years last past, viz. 1687, 88, 89, 90, 91, seeming 
to be done with all the Exactness and Sincerity 
possible. 

This City of Breslaw is . . . very far from the 
sea, and as much a Mediterranean Place as can 
be desired, whence the Confluence of Strangers 
is but small, and the Manufacture of Linnen 
employs chiefly the poor People of the Place, as 
well as of the Country round about;... for 
these Reasons, the people of this city seem most 
proper for a Standard; and the rather, for that 
the Births do a small matter exceed the Funerals. 
The only thing wanting, is the Number of the 
whole People, which in some measure I have 
endeavour’d to supply, by the comparison of 
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the Mortality of the People of all 
shall from the said Bills trace out 
Accuracy 


Ages, which I 
with all the 


possible 


At this point Halley explains specifically 


how he uses the data, and then continues: 

From tl considerations I have form’d 
the adjoined Table Uses are manifold, 
ind give a more just Jdea of the State and Con- 


whose 


Vankind, than any thing yet extant 
that I know of. It exhibits the Number of People 
in the City of Breslaw of all Ages, from the Birth 
to Old Age, and thereby the 
Chances of Mortality at all Ages, and likewise 
1 certain Estimate of the Value of 
Lives, hitherto has been 
in imaginary Valuation: Also the 
ire that a Person of any Age 


dition of 


extreme shews 
how to make 
innutties for 
done b 


Chances that there 


which 


only 


proposed does live to any other Age given; with 
man} shall hereafter This 
Table Vumber of Persons that are 
liv 


more, as | shew. 


does shew the 
the Age thereto, as 
follows: Thus it appears, that the whole People 
of Breslaw does consist of 34000 Souls, 
Sum 7'otal of the 
The first Use Proportion 
of Men able to bear Arms in V ultitude, 
which are those between 18 and 56, rather than 
16 and 60; the 


ng in current annexed 
being the 
Agesin the Table 
the 


Persons of al 
hereof is to shew 
iny 
one being generally too weak to 
Fatigues of War, and the Weight of 
and the other too erasie and infirm from 
notwithstanding particular Instances to 
Second Use of this Table, 
Degrees of Mortality, 
, in all Ages; for if the Number 
of Persons of any Age remaining after one Year, 
be divided b difference between that 
the number of the Age proposed, it shews the 
Odds that that a Person of that Age 
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does not die in a year . So likewise for the 
Odds, that not die before he 
attain any proposed Age: Take the Number of 
the remaining Persons of the Age proposed, and 
divide it by the 
number of those of the Age of the Party pro- 
and that shews the Odds there is between 
the Chances of the Party’s living or dying 
Use III. But if it be enquired at what num- 
ber of Years, it is an even Lay that a Person of 
Age shall die, this Table readily performs 


any Person does 


the difference between it and 


posed; 


any 
it 
The author then proceeds to discuss 
“Uses IV, V, VI and VII,” which deal 
with various problems in the determina- 
tion of the price of annuities on one or more 
He 


cludes the paper with the following, price- 


lives under various conditions. ‘on- 


less paragraphs, which we quote in full. 


Besides the Uses mentioned, it may perhaps 
not be an unacceptable thing to infer from the 
Tables, how unjustly we repine at the 
shortness of our Lives, and think our 
wronged if we attain not old Age; whereas it 
appears hereby, that the one half of those that 
are born are dead in seventeen Years time, 
1238 being in that time reduced to 616. So that 
instead of murmuring at what eall an un- 
timely Death, we ought with Patience and Un- 
concern to submit to that Dissolution which is 
the necessary Condition of our perishable Ma- 
terials, and of our nice and frail Structure and 
Composition: And to account it as a Blessing 
that we have survived, perhaps by many years, 
that Period of Life, whereat the one half of the 
tace of Mankind does not arrive. 


same 


selves 


we 


whole 
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A second Observation I make upon the said 
Table, is that the growth and Increase of Man- 
kind is not so much stinted by any thing in the 
Nature of the Species, as it is from the cautious 
Difficulty most People make to adventure on 
the State of Marriage, from the Prospect of the 
Trouble and Charge of providing for a Family. 
Nor are the poorer sort of People herein to be 
blamed, since their Difficulty of subsisting is 
occasion’d by the unequal Distribution of 
Possessions, all being necessarily fed from the 
arth, of which yet so few are Masters. So that 
besides themselves and Families, they are yet 
to work for those who own the Ground that 
feeds them: And of such does by very much the 
greater part of Mankind consist; otherwise it is 
plain, that there might well be four times as 
many Births as we now find. For by computa- 
tion from the Table, I find that there are nearly 
15000 Persons above 16, and under 45, of which 


at least 7000 are Women capable to bear Chil- 
dren. Of these notwithstanding there are but 
1238 born yearly, which is but little more than 
a sixth part: So that about one in six of these 
Women do breed yearly; whereas were they all 
married, it would not appear strange or unlikely, 
that four of six should bring a Child every Year. 
The political Consequences hereof I shall not in- 
sist on; only the Strength and Glory of a King 
being in the multitude of his Subjects, I shall 
only hint, that above all things, Celibacy ought 
to be discouraged, as, by extraordinary Taxing 
and Military Service: And those who have 
ntmerous Families of Children to be counte- 
nanced and encouraged by such Laws as the Jus 
trium Liberorum among the Romans. But es- 
pecially, by an effectual Care to provide for the 
Subsistence of the Poor, by finding them Em- 
ployments, whereby they may earn their Bread, 
without being chargeable to the Publick. 





Let’s look at language 


The idea denoted by the word empty is by 
no means new. Its origin probably antedated 
the writing of history. Accordingly, the history 
of the idea can receive little, if any, treatment. 

The mathematical word commonly used to 
express the idea of emptiness, however, has a 
considerable history. Ze ro, that is, can be traced 
back to Sanskrit, a language in ancient India. 

The original word, which would be sunya as 
we record sounds, was borrowed from Sanskrit 
by the Arabs. The Arabie word, again trans- 
literated swith Roman letters, is sifr. In both 
languages the referent was the idea which we 
label empty or vacant. 

In Europe the word sifr appeared in two 
forms. With the Italians it became zero, which 
Iinglish-speaking people appropriated without 
change in spelling. With the French, sifr be- 
came both cifre, meaning zero, and chiffre, mean- 
ing figure. Eventually the French settled for 
the two words chiffre (figure) and zero. The latter 
word, of course, they got from the Italians, 
their own word cifre having somehow passed into 
disuse. 

Against such a background we can see clearly 
how English came to have two words, zero and 
cipher, to denote either an empty class or a 
vacant place in the positional notation com- 
monly used in everyday arithmetic. So, as far 
us history is concerned, either cipher or zero is in 
good taste. Indeed, since they both sprang from 
sifr, either of these words is adequate to sym- 
bolize the null set. 

Moreover, these derivatives have won out 
over competing words. Aught, for example, 
retired from usage because of the embarrassing 
confusion it caused. People noted that, in most 


contexts, aught means anything. Moreover, 
those who used aught as a symbol for nothing 
were actually perpetuating a mistake. 

Really, the word that people using aught 
had in mind was naught, more correctly nought, 
which literally meant not any thing—ne (not) +a 
(any) +wiht (thing). Some scrivener, though, 
carelessly omitted the n, leaving aught for naught. 

Because of the confusion among aught, 
naught, and nought, people have gladly turned 
to zero as a precise and concise word to express 
an important idea. 

Cipher, truly a brother of zero, in the sense of 
empty has nevertheless all but disappeared. 
Possibly the reason for its present disuse is 
that, somehow or other, some people used it to 
represent not only 0, but the other nine numerals 
as well. From this, it came to mean calculate. 
Besides that, it was also employed to represent 
a kind of code, wherein secret messages were 
masked with ciphers or numerals. Still later it 
came to refer to other kinds of coding of mes- 
sages. Such usage tended to make cipher puzzling 

not only in coded statements, but also in 
communications in which clarity, not secrecy, 
was intended. 

So zero is the word. It alone has stood the 
test of time. Variants for it have tended to 
confound the big idea—that most necessary 
notion of empty or vacant. Only zero has been kept 
true to the original meaning of its forebears. 

By the way, if you are about to exclaim 
“Oh!” at all this etymology, you would be using 
another term still sanctioned as good usage. 
Mr. Ecks’s telephone number, 3003, can be 
properly read as 3 oh, oh 3!—J. H. Brune, Iowa 
State Teachers Céllege, Cedar Falls, Iowa. 
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Reviews and evaluations 





Edited by Richard D. Crumley, University of South Carolina, 


Columbia, South Carolina, 


and Roderick C. McLennan, Arlington Heights Township 


BOOKS 


Functional Mathematics, Grade 8, William A. 
Gager, Dorris H. Johnson, Carl N. Shuster, 
Richard Madden, Franklin W. Kokomoor, 
New York, ¢ harles Seribner’s Sons, 1955. 
Cloth, viii+: 

If you accept the view that pupils learn 
arithmetic best if they understand what they 
are learning and if it is mathematically meaning- 
ful to them, then you should examine this book. 
It provides this kind of functional program. This 
book also offers many opportunities for experi- 
ences in real-life situations. 

Much has been said in magazines and at 
conventions about the advantages of pupil dis- 
covery of mathematical ideas. This book makes 
an effort to meet this need. Specific illustrations 
will be cited later. 

The reviewer dislikes many of the wash 
lrawings. The pupils in the first picture of the 
book look very artificial. They do not appear 
lifelike. Similar pictures are found on pages 3, 
17, 19, 40, 59, 110, 144 and elsewhere. On the 
other hand, there are some very appealing two- 
color diagrams found on pages 235, 243 and 


elsewhere. 

Many eighth-grade books devote two or 
three of the beginning chapters or units to a 
review of whole numbers, fractions, and deci- 
mals. This book provides throughout the text 
“tests of fundamentals,’ ‘mental hurdles,’”’ and 
‘“‘what have you learned” reviews. The reviewer 
does not say that this is good or bad, but be- 
lieves the reader should be informed of this new 
procedure 

In spite of the fact that “‘class activities’ 
are placed after many of the lessons which might 
partially take care of individual differences, the 
reviewer feels more adequate provisions should 


have been included. 

The book begins with an excellent presen- 
tation of graphs. Instructions for construction 
of graphs are very comprehensive and clear. The 
selection of topics is very good. Several titles 
chosen are: Distance Traveled by Average Car 
When Driver Sees Emergency, Reacts, and 
Stops; Government: Top Spender for Research; 
The Tax Bite on a $2000 Car; Man’s Lengthen- 
ing Life Span 
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High School, Arlington Heights, Illinois 


One will find a very fine presentation of 
Approximate Computation usually not found 
in other eighth-grade texts. This unit is also 
interestingly written. For example: ‘‘No one 
in the whole history of the world has ever made 
an exactly correct measurement of any length. 
... The thickness of a hair on your head can 
be measured. There are scales so sensitive that 
even the dot from your pencil point can be 
weighed.” 

The book contains much informational read- 
ing. The explanations are clearly given. There is 
a limited amount of drill material. The reviewer 
feels that these factors afford the pupil an op- 
portunity to learn to help himself—an impor- 
tant objective in education. 

The reviewer feels that the following pages 
deserve specific comment: 

Page 10—Fine selection of topics for making 
graphs. 

Page 16—Introduction of mean and median. 
Important concepts which many books omit. 

Page 35—Experiments to find out if all 
circles have the same number of degrees about 
their center. An opportunity for discovery. 

Page 38—A less complex set of data would 
have illustrated the same point, and the labeling 
could have been placed on the corresponding 
sectors. This would make the graph more at- 
tractive and easier to interpret. 

Pages 41, 42 and 43—Very interesting dis- 
cussion on number development. 

Page 42, Exercise 3. Make an abacus. Be pre- 
pared to show the class how to place numbers on an 
abacus and how to impute it.—This might be 
difficult to do because very little discussion 
about the abacus precedes this problem. 

Page 43, A Mental Hurdle—These are exer- 
cises which are to be done mentally. This device 
is used frequently in this text. 

Page 73, Picturing per cents 
used. 

Pages 93 and 94, The Equation 
introducing the equation. 

Chapter 4, Making Money Work 
hensive and well written. 

Pages 172-182 on Taxes—-Should be clear 
and understandable to the student. Possibly 
more detailed explanation might be given to 
explanation of mill levy as a tax rate. 


Poor color 
Fine job of 


Compre- 
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Pages 183-187, Buying and Owning a Home— 
(nother excellent illustration of application to 
real life problems. 

Page 187, Exercise 3. Invite a real-estate agent 
to visit the class and discuss with the members the 
buying of property in your community. Be sure 
to list the questions that you want answered before 
he comes.—-The second sentence shows that the 
authors gave consideration to details when 
writing the book. This is an excellent and help- 
ful suggestion. 

Page 198, World Time Zones—This is in- 
cluded along with time zones in the United 
States. We are living in a new age. It shows the 
‘“‘up-to-dateness”’ of the book. 

Page 210-—-The pupil, through discovery, 
finds the sum of the three angles of a triangle. 

Page 242—The word “exponent”’ is used. A 
good idea. Why delay or postpone using the 
word? 

Page 244 
show another way of writing the square root of 
a number. Very seldom has this idea been intro- 
duced to eighth-graders. The reviewer feels the 
idea of introducing the fractional exponent at 


A fractional exponent is used to 


this time is a good one. 
Page 250, Exercise 8. a 
mathematics, you will find dozens of uses of square 


““ 


.as you study 


roots.’’—More of the practical applications of 
square root could have been used. 

Pages 260 and 261—The pupil, through dis- 
covery, finds the formula for the area of a 
trapezoid. 

Page 263-—Locus is introduced.—Very few 
eighth-grade books use this term. A very fine 
introduction. Glad to see this presented. 

Page 270—The pupil, again through dis- 
covery, finds the area of a circle. Very well 
done. 

Page 286, Volume of Solids—The authors 
talk about ‘‘tons of oats.’’ (See illustration.) 
Terminology a little loose. Weights and capacity 
should not be confused with volume. Midwest 
farm boys will certainly not be impressed with 
the illustration. 

Page 296, lines 5 and 6, “‘Tom says the volume 
of sand equal to the volume of the sphere is 254.6 
grams. Is Tom right?’’—Capacity and weight 
are again confused. 

Pages 294, 296 and 296.—Excellent enrich- 
ment material. 

Chapter 11, Cost of Electrical Appliances, 
Buying Water and Gas—The material found in 
this chapter certainly satisfies the condition that 
“mathematics is to a certain extent a social 
experience and that its applications should in- 
clude numerous materials of interest to the 
pupils.”,—Milton W. Beckmann, Supervisor of 
Mathematics, University of Nebraska, Lincoln, 
Ve braska 


Mathematics for Engineers, Part I, Ninth Edi- 
tion, W. N. Rose, London, Chapman and 
Hall, Ltd., 1955. Cloth, xiv +527 pp., 21s. 


This book presents to the reader a large 
number of exercises that have a direct bearing 


on engineering. There are no pictures in the 
book; but the graphs, charts, and drawings 
are the kind that a good teacher would use in 
the classroom. 

A large portion of the book is devoted to 
finding areas and volumes. Many of these areas 
and volumes appear in geometry books, but 
many are from the field of engineering. Engineer- 
ing terms and principles are used that are not 
part of the average engineering freshman’s 
knowledge. 

The book would be valuable for privatestudy, 
for reference, or for engineering freshmen who 
have gone to a technical high school and studied 
a high-school engineering curriculum. The large 
number of engineering facts that are used in 
formulas mechanically without complete under- 
standing of how the formulas are derived makes 
the organization seem choppy. 

In the author’s endeavor to depart from the 
theoretical treatment of algebra and trigonome- 
try, some of the algebraic and trigonometric 
operations and proofs have been slighted. The 
reviewer feels that this is an excellent reference 
book, but it should not be used as a text for the 
mathematics classes in the traditional college 
engineering courses.—Orlando C. Kreider, lowa 
State College, Ames, Iowa 


FILM 


The Search—Massachusetts Institute of Tech- 
nology, Young America Films, Inc., 18 East 
4lst Street, New York 17, New York. 16 mm. 
sound film, b & w, dealing with automatic 
machines; 2} reels; 26 min.; $125.00. 


This film was originally shown as one of the 
programs in the CBS television program series, 
“The Search.” Produced under the supervision 
of the Automatic Control Research Center of 
Massachusetts Institute of Technology, the 
film shows some of the latest developments in 
automatic machines. Included in the film are 
scenes demonstrating a modern whirlwind elec- 
tronic computing machine and scenes demon- 
strating new robot machines that combine 
“brains and brawn.” 

While this film does not deal with mathe- 
matics as such, it shows modern applications of 
mathematics and hence could be used effectively 
as a motivating force. It is a fascinating film 
suitable for secondary or collegiate mathematics, 
science, and engineering.—Richard D. Crumley 


MODEL 


The Master Cube, Educational Supply and 
Specialty Company, 2823 East Gage Avenue, 
Huntington Park, California. Eight hard- 
wood blocks for demonstrating the cube of 
a binomial; 4 pp. study guide; $3.95 plus 
postage. 


This model designed by G. Gilbert Scott 
consists of eight separate rectangular solids 
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made of varnished hardwood. The set includes 
one 1” cube, three blocks 1” x1" x3"; three 
blocks 3" 3" 1", and one 3” cube. Each piece 
except the 1” cube is grooved on each face into 1” 
cube has a diag- 


square units. One face of the ¢ 
onal groove. The accompanying four-page study 
guide describes how the Master Cube may be 
used. 

The blocks in this set are well made and 
attractive. They can be used effectively in 
junior high school mathematics to demonstrate 
a few examples of the validity of the formulas 
for the area of a rectangular surface and for the 
volume of a rectangular solid. At the high school 
level, four of the blocks may be used to demon- 
through the area concept) the identity 
and all eight blocks may 


strate 
a+b)? =a?+2ab-+5?: 
be used to give one « xample of (a+b)§ =a3+3a% 
+3ab?+b3 through the volume concept. In 
both cases, a=3”" and b=1”". The demonstration 
of the binomial cube is done by putting the 
eight pieces together in such a way as to pro- 
duce a 4” cube. The separate blocks then repre- 
sent the volumes a3, a2b, ab?. and b*. The only 
possible weakness of the set envisaged by the 
reviewer is that the blocks might be too small 
for demonstration before an entire class. For 
to or use by small groups of 
however, the sizes of the blocks are 
richard D. Crumle 


demonstrations 
students 
.dequate R 


TESTS 

Veasu ing Power in Arithmetic, Silver Burdett 
Company, Morristown, N. J. Achievement 
tests with norms for grades 3-8 by Robert 
Lee Morton with contributing consultant, D. 
Banks Wilburn; package of 35, $3.50 (net 


one complete test, $.15 (net 


Separate tests are provided for each grade 
from grade three to grade eight, each test being 
composed of three parts: Part 1 designed to 
measure mathematical understanding and in- 
sight; Part 2 designed to measure all aspects of 
computational skill; and Part 3 designed to 
measure problem-solving skills. The recom- 
mended time allotments for each part in grades 
seven and eight are: Part 1, 25 minutes; Part 2, 
{0 minutes; and Part 3, 40 minutes. The three 
parts of each test are each printed In & separate 
booklet so that each part can be administered 
is a unit. The student writes his answers in the 
booklets, hence handscoring with the aid of the 
keys provided is required. Separate tentative 
norms are provided in the four-page manual for 
each grade and for each part ol the test at that 
grade. Norms are expressed in percentiles 
actually the deciles plus the first percentile and 
the ninety-ninth percentile are given 

These tests are attractively printed and ar- 
ranged so that the student will not be confused 
by the mechanics of the test. The three parts of 
each test make the same kind of split of arith- 
metic achievement as several other similar tests 
produced by other companies. The only new and 
different feature is the provision of separate 
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tests for each grade. This seems desirable, even 
though the advantage of separate tests is not as 
great as one might think offhand. This is true 
because the differences in achievement within 
a grade are so large when compared in general 
to differences in achievement between grades, 
especially between just two or three grades. 
The publisher wisely points out in the manu- 
al that scores made on a test for a specific grade 
level are not comparable with scores made on a 
test for a different grade level. This means that 
one can only estimate indirectly from the per 
centile equivalents whether or not a student has 
extended his learning from grade to grade 
Furthermore, the lack of parallel forms pre- 
cludes a comparison Of scores on the same grade- 
level test received, say, at the beginning and at 
the end of the year. The most serious fault of 
this test series is that only tentative norms are 
given, which (although based on 75,000 pupils 
are not representative since all these pupils were 
using the Making Sure of Arithmetic textbook 
series. If revised norms based on a more repre- 
sentative sample are furnished in the future, as 
well as data on reliability and validity, then it 
may be true that this test series could be used 
-Richard D. Crum- 


extensively and effectively. 


ley 


Progress Tests for Making Sure of Arithmetic, 
Silver Burdett Company, Morristown, N. J. 
Eight achievement tests for each grade, 
grades 3-8; package of 35 sets, $5.00 (net 


or $.20 (net per set 


These tests are based upon the textbook 
series, Making Sure of Arithmetic, published by 
the same company. Each of the eight tests for a 
specific grade is to be given after instruction has 
dealt with material in the textbook up to a 
specified page. The specified page is printed on 
each test. A sheet giving instructions and keys 
is provided with each set of eight tests. Norms 
are not furnished for these tests. Each test is 
printed as a separate four-page leaflet and is 
made up of items similar to the Measuring 
Power in Arithmetic tests described above. 

The format of these tests is good, and the 
items are well written. Nearly all of the items 
which measure problem-solving skill appear to 
be direct applications of the concepts of addition, 
subtraction, ete. For example, problems with 
missing addend, missing subtrahend, or missing 
minuend are very few in number. 

The practice of publishing progress tests is 
to be commended. Many teachers unfortunately 
are weak in the area of evaluation, so they can 
well use such tests. Every good thing seems to 
have some bad effects, however. The bad effect 
in this case is that of seriously weakening the 
validity of the standardized tests, Measuring 
Power in Arithmetic, published by the same 
company. This weakening will be due to the 
practice effect of using the progress tests since 
the items in these two test series are very simi- 
lar.—Richard D. Crumley 
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®@ WHAT IS GOING ON 


IN YOUR SCHOOL? 


Edited by John A. Brown, University of Wisconsin, Madison, Wisconsin and 


Houston T. Karnes, Louisiana State University, Baton Rouge, Louisiana 


Techniques for drill 
in arithmetic fundamentals’ 


by Humphrey Jackson, Parcells Junior High School, 


When a child has difficulty in “catching 
on” to the arithmetic process which is 
being presented, the teacher is obviously 
faced with a challenging problem, namely, 
what to do to reach this child. Some 
schools provide special activity courses 
for the child who seems retarded in arith- 
metic. The Grosse Pointe junior high 
schools provide such a course, which is 
designated as General Mathematics and 
offered to seventh- or eighth-grade pupils 
who test below the average in ability to 
do arithmetic. 

Following are several techniques’ used 
by teachers trying to develop the child’s 
comprehension of concepts o1 arithmetic 
and to improve the skills necessary to 
handle many of the computational proc- 
esses. ; 

The first step in assisting the pupil is to 
diagnose the standard test to discover the 
types of problems the child has difficulty 
in solving correctly, and to study the types 
of errors revealed in the problems at- 
tempted by the pupil. When it is deter- 
mined just what needs correction, definite 
attempts are made to explain each type of 
problem. In order not to embarrass the 
pupil, the explanation is given to the 


1 Reprinted from “Action,’’ Metropolitan Detroit 
Bureau of Cooperative School Studies, Vol. VII (June 
1954), pp. 8-9. 
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class (which really should number not 
more than fifteen pupils) by working out 
examples carefully on the board, with 
comment and explanation by the teacher 
as this is being done. After several ex- 
amples are worked out, the teacher sug- 
gests that the class try to do one alone. 
While the pupils are working independ- 
ently at their seats, the teacher moves 
about to see how successful the pupils are 
in handling the situation. A casual sug- 
gestion here or there to assist the pupils is 
given. If a pupil asks for help to clear up 
a point he may be uncertain of, the help 
is given kindly and sympathetically. 
After sufficient 
everyone to have ample opportunity to 
completely work out the example, the 
teacher works it out on the board, ex- 


time has passed for 


plaining the steps again, often seeking 
assistance or suggestions from the stu- 
dents as to what the next step might be. 
Pupils like to enter into this discussion 
and get a feeling of exhilaration when 
praise is given, and they make construc- 
tive suggestions in helping to work out 
the solution of the problem. 

This process is kept’ up for as many 
examples as the class seems able to handle 
before exhibiting signs of fatigue or rest- 
lessness. When this is apparent, the activ- 
ity is changed to renew interest. 

One day while working with problems 
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involving decimals, the teacher provided 
each pupil with a red pencil and asked 
that all decimal points be placed in the 
work in red. Although this was time- 
consuming, the fact that the pupil had to 
change pencils every time he placed the 


decimal point really emphasized the im- 
portance of the decimal! point and made 


the pupil definitely conscious of this fact. 
Few mistakes were made that day when 
special attention was directed to the im- 
portance of placing the decimal point in 
this way. 

One of the handicaps many pupils have 
is that they have never learned the multi- 
plication tables. It is tiring to dwell on this 
fact, and it takes special effort on the part 
of the teacher to find activities which will 
require the use of the multiplication tables 
in a way that does not seem boring. One 
of the devices used by the teacher in 
General Mathematics was to introduce 
the simple equation as used in algebra. 
The teacher asked the class how they 
would like to learn a little algebra, and the 
class responded enthusiastically. Having 
seen older brothers and sisters working 
problems in algebra, they felt that they 
would like to be able to demonstrate their 
knowledge of this advanced subject. 

The teacher then wrote the equation 
3xz=18 on the board. The equation was 
read and interpreted for the class as 
meaning, 3 multiplied by what number 
equals 18? The class responded quickly 
and correctly to this question and the 
teacher wrote the answer on the board, 
pointing out just how to indicate this in 
writing according to accepted form. Then, 
after practicing a few more examples, the 
teacher gave the class five problems to do 
independently and presented groups of 
five problems at a time until nearly all the 
100 multiplication combinations were 
used. Not only was this approach novel, 
but the pupils enjoyed every minute of it, 
not realizing that they were at the same 
time reviewing their multiplication tables. 

Another day the teacher wanted to 
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review addition combinations with the 
class. The magic square was introduced 
and talked about. Almost everyone knows 
about the old Chinese puzzle problem of 
arranging the nine digits from 1 through 9 
in a square, three to a row so as to add up 
to 15 horizontally, vertically, and diago- 
nally. The teacher explained that many 
Chinese wear this lucky charm, which is 
made of metal, and believe that it brings 
good luck. The pupils were allowed to 
experiment for a while to see if they could 
discover the proper arrangement of the 
digits. When they tired and a few thought 
they had discovered the solution, the 
teacher showed one arrangement on the 
board and the class checked it. The teacher 
then explained that the digits actually 
were placed in the square according to a 
definite system or order. Other groups of 
numbers were experimented with, and 
finally each pupil was asked to make a 
magic square beginning with an assigned 
number. Each pupil was provided with a 
special sheet on which were printed a 
dozen or so blank squares. Each pupil 
was assigned a different starting number 
and was asked to check his work after 
completely filling in the square. 

Later, after the class had begun to lose 
interest, the teacher showed how to make 
a Magic square with five numbers to a row. 
This renewed interest for a while, and the 
pupils were busy checking the totals, 
horizontally, vertically, and diagonally, 
making use of their addition combinations. 

There are many devices that can be used 
to secure interest and that are effective 
learning experiences for the pupil. Grad- 
ually the pupils’ skills improve, and the 
end result is seen in improvement in atti- 
tude toward arithmetic and improved 
marks in his regular arithmetic class. 
Many of the pupils bring their report 
cards to their general mathematics teacher 
proudly showing their improved grades 
and expressing gratitude for the help they 
feel they have received by the privilege of 
attending this special class. 
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BOOKS 


SECONDARY 


Practical Mathematics Refresher, William D. 
Reeve and Clarence EI. Tuites, New York, 
McGraw-Hill Book Company, Ine., 1955. 
Paper, vili+376 pp., $3.25. 

The Scribner Arithmetic, Book 7, William A. 
Gager, Beulah Echols, Carl N. Shuster, 
Richard Madden, Franklin W. Kokomoor, 
New York, Charles Seribner’s Sons, 1955. 
Cloth, viii +390 pages, $2.24. 

The Scribner Arithmetic, Book 8, William A. 
Gager, Dorris H. Johnson, Carl N. Shuster, 
Richard Madden, Franklin W. Kokomoor, 
New York, Charles Scribner’s Sons, 1955. 
Cloth, viii +373 pp., $2.24 


COLLEGE 


Analytic Geometry, 3rd Edition, Charles H. 
Sisam and William F. Atchison, New York, 
Henry Holt and Company, 1955. Cloth, 
xiv +292 pp., $3.75. 

Analytic Geometry (Third Edition), Frederick 
H. Steen and Donald H. Ballou, Boston, 
Ginn and Company, 1955. Cloth, vii+244 
pp., $3.50. 

Arithmetic in General Education, Dewey C. 
Duncan, Dubuque, Iowa, Wm. C. Brown 
Company, 1955. Paper, vi+194 pp., $2.25. 

College Algebra and Trigonometry, 2nd Edition, 
Frederic H. Miller, New York, John Wiley 
and Sons, Inc., 1955. Cloth, xiv+342 pp., 
$4.50. 

Differential Equations, Lester R. Ford, New 
York, McGraw-Hill Book Company, 1955. 
Cloth, xii+291 pp., $5.00. 

Fundamental Concepts of Mathematics, R. H. 
Moorman, Minneapolis, Burgess Publish- 
ing Company, 1955. Paper, iii+92 pp., 
2.75. 

Laplace Transforms for Electrical Engineers, B. 
J. Starkey, New York, Philosophical Library, 
1955. Cloth, 279 pp., $10.00. 

Mathematics and Measurements, Merrill Rass- 
weiler and J. Merle Harris, Evanston, Row, 
Peterson and Company, 1955. Cloth, ix 
+351 pp., $4.50. 

Mathematics for Engineers, Part One (Ninth 
Edition), W. N. Rose, London, Chapman 
and Hall Ltd., 1955. Cloth, xiv+527 pp., 
21s. 

Monographs on Topics of Modern Mathematics, 
J. W. A. Young, New York, Dover Publica- 
tions, Inc., 1955. Paper-bound, xvi+416 
pp., $1.90; cloth, $3.95. 

Non-Euclidean Geometry, Roberto Bonola, New 
York, Dover Publications, Inc., 1955. Paper, 
ix +419 pp., $1.90. 


The Elements of the Theory of Real Functions, 
J. E. Littlewood, New York, Dover Publica- 
tions, Inc., 1954. Paper-bound, vi+71 pp., 
$1.35; cloth, $2.85. 

Theory of Gro ips of Finite Order, W. Burnside, 
New York, Dover Publications, Inc., 1955. 
Paper, xxiv +512 pp., $2.00; cloth, $3.95. 

The Real Projective Plane (Second Edition, 
tevised), H. S. M. Coxeter, New York, 
Cambridge University Press, 1955. Cloth, 
xi +226 pp., $4.75. 


MISCELLANEOUS 


From Zero to Infinity, Constance Reid, New 
York, Thomas Y. Crowell Company, 1955. 
Cloth, 145 pp., $3.00. 

Hydrodynamics, Garrett Birkhoff, New York, 
Dover Publications, Inc:, 1955. Paper, 
xiii +186 pp., $1.75; cloth, $3.50. 


BOOKLETS 


Bulletin Boards, The Visual Instruction Bureau, 
Division of Extension, The University of 
Texas, Austin 12, Texas. Illustrated booklet, 
single copy $1.00. 

A Career For You In IBM, Department of In- 
formation, International Business Machines 
Corp., 590 Madison Avenue, New York 22, 
New York. Illustrated booklet, 28 pp., free. 

Developing Mathematical Literacy in Nebraska's 
Youth, Extension Division, Architectural 
Hall, University of Nebraska, Lincoln, 
Nebraska. Mimeographed booklet prepared 
under direction of Milton W. Beckmann; 
46 pp.; 50¢ each. 

Employment Opportunities for Women in Pro- 
fessional Engineering (Women’s Bureau Bul- 
letin No. 254), Superintendent of Documents, 
U. 8. Government Printing Office, Washing- 
ton 25, D. C. Booklet prepared by the Wo- 
men’s Bureau of the U. 8. Department of 
Labor; 38 pp.; 20¢ each. 

Felt Boards for Teaching, The Visual Instruction 
Bureau, Division of Extension, The Uni- 
versity of Texas, Austin 12, Texas. Illus- 
trated booklet written by Charles H. Dent 
and Ernest F. Tiemann; 26 pp.; single copy, 


$1.00. 


CHART 


Multiphase Mathematical Chart, and Multipli- 
cation and Division Chart, E. J. George, 428 
East Magnolia Avenue, Aldan, Clifton 
Heights, Pennsylvania. Charts, each 
8}” X11", made of a log scale superimposed 
diagonally upon a log-log grid for use in 
calculation; 25¢ each. 
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@ POINTS AND VIEWPOINTS 


National Council News 


Honorary memberships in The National 
Council of Teachers of Mathematics are 
being extended to visiting exchange 
teachers of mathematics in this country. 
This action was recommended by our 
Committee on International Relations 
and was approved by the Board of Direc- 
tors. The committee is also arranging that 
these teachers be met by members of the 
Council at the place of visitation, and that 
they receive information about the Coun- 
cil and are invited to attend meetings 
when possible. We shall, of course, extend 
additional courtesies to them at these 
meetings. 

Honorary membership is also being 
extended this year to several teachers 
from other countries who are doing grad- 
uate study in this country. 

Although this particular program was 
not in effect as yet at the time of the 
Christmas meeting in St. Louis in 1954, 
members attending will recall our very 
charming visitors from other countries at 
that time. One such visitor was with us at 
Boston, and several at the 1955 Christmas 
meeting in Washington, D. C. 

Our Committee on International Rela- 
tions has also prepared a list of foreign 
journals dealing with mathematics and 
will arrange to have an exchange of these 
journals with THe $MaATHEMATICS 
TeaAcuHER. Each year the volumes will be 
reviewed and the summaries disseminated 
to the membership of the Council. 

An innovation at the annual meeting 
at Milwaukee in April will be a section 


A column of unofficial comment. 


by Marie S. Wilcox, President NCTM 


program arranged by this committee. The 
program will include presentations by 
some of the foreign visitors as well as 
by our members who have recently trav- 
eled and studied abroad. 

One of the members of the committee, 
Veryl Schult, took time from a vacation 
abroad to serve as one of the delegates of 
the NEA at the meeting of the World 
Federation of Organizations of the Teach- 
ing Profession, which was held in Istanbul, 
Turkey, last August. Miss Schult was 
nominated for this appointment by the 
National Council. 


Frank Allen, who has served as associate 
editor of The Mathematics Student Journal 
since its inception, has resigned this asso- 
ciate editorship to assume the chairman- 
ship of the Curriculum Committee of the 
Council. The Board has approved the 
appointment of L. J. Adams of Pasadena 
College, Pasadena, California, as associate 
editor of The Mathematics Student Journal. 
Dr. Adams has had many years of experi- 
ence at the secondary school level, and 
has made a study of mathematical recrea- 
tions. He will edit the problem page of the 
Journal. 


The National Council was represented 
at the DeKalb Conference on Teacher 
Education and Professional Standards by 
Eugene W. Hellmich, Frank Allen, and 
J. J. Urbancek. Executive Secretary Myrl 
Ahrendt and President Marie Wilcox repre- 
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sented the Council at a conference of lead- 
ers of national science and mathematics 
organizations sponsored by the American 
Association for the Advancement of Sci- 
ence and the National Science Founda- 
tion held in Washington, D. C., last Octo- 


ber. Howard Fehr, Chairman of the Com- 
mittee on International Relations and 
your Council president attended the Fifth 
National Conference convened by the 
United States National Commission for 
UNESCO in November. 





Your professional dates 


The information below gives the name, date, 
and place of meeting with the name and address 
of the person to whom you may write for further 
information. For information about other meet- 
ings, see the previous issues of THE MATHE- 


MATICS TEACHER. Announcements for this col- 
umn should be sent at least ten weeks early to 
the Executive Secretary, The National Council 
of Teachers of Mathematics, 1201 Sixteenth 
Street, N.W., Washington 6, D. C. 


NCTM convention dates 


ANNUAL MEETING 


April 11-14, 1956 

Schroeder Hotel, Milwaukee, Wisconsin 

Margaret Joseph, 1504 N. Prospect Avenue, 
Milwaukee 2, Wisconsin 


SUMMER MEETING 
August 19-22, 1956 


JOINT MEETING WITH NEA 


July 2, 1956 
Portland, Oregon 
Lesta Hoel, Public Schools, Portland, Oregon 


University of California, Los Angeles, California 
Clifford Bell, University of California, Los Angeles 24, California 


Other professional dates 


Women’s Mathematics Club of Chicago and 
Vicinity 

February 4, 1956 

Mandel’s Tea Room, State and Madison Streets, 
Chicago, Illinois 

Jean Bryson, Waukegan Township High School, 


425 Surf Street, Chicago 14, Illinois 


Chicago Elementary Teachers’ Mathematics Club 


March 12, 1956 

Toffenetti’s Restaurant, 65 West Monroe Street, 
Chicago, Illinois 

Anne T. Linehan, O’Toole School, Chicago, 
Illinois 


ANNUAL MEETING OF THE GEORGIA COUNCIL OF MATHEMATICS TEACHERS 


March 16, 1956 
Atlanta, Georgia 


Marion Crider, West Georgia College, Carrollton, Georgia 


Your professional dates 





Report of the Nominating Committee 


The Committee on Nominations and 
Elections presents below the names of per- 
sons nominated for offices to be filled in the 
election of 1956. The term of office for the 
President and the Vice-Presidents is two 
years. Three directors are to be elected for 
terms of three years 

Attention is called to the following pro- 
visions of the Constitution: 

“Nominations shall be made so that 
there shall be not more than one director 
elected from each state, and that there 
shall be one director, and not more than 
two, elected from each area.’ For a map 
of the regions as now constituted, members 
may consult THe Marnematics TEACHER 
Under the 


regulation quoted above it is necessary to 


for October, 1955, page $42. 


insure the election of at least one director 
from the North Central Region. To avoid 
a situation in which nomination would be 
equivalent to election, the Committee has 
nominated two candidates from the North 
Central Region and has adopted the fol- 
lowing rule for determining who shall be 
declared elected as directors: 

The three candidates receiving the larg- 
est number of votes will bedeclared elected, 


provided at least one of them isa candidate 
from the North Central Region; other- 
wise, the two candidates receiving the 
largest number of votes will be declared 
elected, and of the two candidates from 
the North Central Region, the one who 
receives the larger number of votes will 
also be declared elected 

Ballots will be mailed on or before Feb- 
ruary 25, 1956 from the Washington office 
to members of record as of that date. Bal- 
lots returned and postmarked not later 
than March 25, 1956 will be counted, but 
balloting will be officially closed as of 
March 25, 1956. 

The Committee wishes to thank all 
those who suggested persons for considera- 


tion and urges all members to vote. 


M. L. Harrune, Chairman 
Mitton BECKMANN 
CLIFFORD BELL 

IpA Mar BERNHARD 

F. G. LANKFORD, JR. 

JoHN Mayor 

RoLLAND R. SMITH 

Ben A. SUELTZ. 

F. Lynwoop WREN 


NOMINEES FOR PRESIDENT 


H. Guenn AYRE 


Howarp FRANKLIN FEHR 
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H. Glenn Ayre 


Professor of Mathematics, Head of De- 
partment of Mathematics, and Director of 
General College Division, Western Illinois 
State College, Macomb, Illinois. 

Ed.B., Illinois 
S.M., Michigan; 
Peabody College for Teachers. 

Instructor in rural 
County, Illinois; High School, Carterville, 
Illinois; High School, Benton, Illinois; 
High School, Waukegan, Illinois; Super- 
visor of Student Teaching in Mathematics, 
Professor of Mathematics and Head of 
Department, Western Illinois State Col- 
lege, Macomb, Illinois. 

Member: NCTM and CASMT since 
1924; AAAS; NEA; Illinois Education 
Association; MAA; Phi Delta Kappa; and 
other educational Listed in 
American Men of Science, Who’s Who in 
Education, Who’s Who in the Midwest. 

Activities in NCTM: Vice-President, 
1953-55; Chairman, Committee on Af- 
filiated Groups, 1954-56; Program Chair- 
man, Summer Meeting in Seattle, 1954: 
Editor, Handbook Committee, 1954; Edi- 
tor, Affiliated Groups Newsletter, 1954; 
Member, Executive Committee, 1954; 
Chairman, Committee on Free and In- 
expensive Materials, 1953; Member, Al- 
gebra Committee for Seventeenth Yearbook; 
Secretary of Symposium on Teacher Edu- 
University of 


University ; 


Ph.D., 


Southern 
University of 


schools, Marion 


societies. 


Mathematics, 
Wisconsin, 1952; Publicity Committee, 
1952; speaker and discussion leader for 
many NCTM programs. 

Other Activities: President, Illinois 
Council of Teachers of Mathematics, 
1955-56; Member of Executive Council, 
1948-53; Vice-President and Chairman, 
Illinois Section MAA, 1951-53; Member, 
Joint Committee of Illinois Section MAA 
and NCTM to Study Teacher Training in 
Mathematics; Member, Committee on 
Tests for ICTM and Illinois Curriculum 
Project; Chairman, Mathematics Section 
and Junior College Section CASMT, 1941, 
1947; speaker and discussion leader for 


cation in 


numerous institutes and workshops in 
mathematics education. 

Publications: “An Analysis of Indi- 
vidual Differences in Plane Geometry,” 
“An Analysis of the Performance of Col- 
lege Freshmen on Arithmetic,’’ Basic 
Mathematical Analysis; numerous articles 
in professional journals; Co-author of A 
First Course in Coordinate Geometry, 1956. 


Howard F. Fehr 


Professor of Mathematics and Head of 
the Department of Teaching of Mathe- 
matics, Teachers College, Columbia Uni- 
versity, New York, New York. 

B.A., A.M., Lehigh University; Ph.D., 
Columbia University. 

Instructor in Mathematics, High 
School, Bethlehem, Pennsylvania; High 
School for Boys, Reading, Pennsylvania; 
South Side High School, Newark, New 
Jersey ; Instructor and Professor of Mathe- 
matics, State Teachers College, Mont- 
clair, New Jersey, 1934-48; Teachers Col- 
lege, Columbia University, 1948- . Also 
Instructor at Newark College of Engineer- 
ing and Rutgers College. 

Member: NCTM; CASMT; MAA; 
AAAS; American Educational Research 
Association; AMS; British Mathematics 
Association; Société Belge de Professeurs 
de Mathematiques; Association des Pro- 
fesseurs de Mathematiques de France; 
NEA; Association of Mathematics Teach- 
ers of New Jersey; Association of Mathe- 
matics Teachers of New York State; and 
other educational Listed in 
Who’s Who in America, American Men of 
Science, Who’s Who in American Edu- 
cation. 

Activities in NCTM: Past President of 
the Association of Mathematics Teachers 
of New Jersey and Association of New 
Jersey State Teachers Colleges (3 terms): 
Member, Board of Directors, 1953-56; 
Representative to International Congress 
of Mathematicians at Amsterdam, 1954. 

Publications: A Study of the Number 
Concept of Secondary School Mathematics; 


societies. 
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Secondary Mathematics, A Functional Ap- 
proach for Teachers; Co-author of Senior 
Mathematics for High Schools; Algebra, 


Course 1; Algebra, Course 2; Arithmetic at 


Work; numerous articles in Teachers Col- 
lege Record, THe MatTuEeMatics TEACHER, 
School Science and Mathematics, and other 
educational journals. 


NOMINEES FOR VICE-PRESIDENT—SENIOR HIGH SCHOOL LEVEL 


Donovan A. JOHNSON 


Donovan A. Johnson 


Chairman of Mathematics Department, 
University of Minnesota High School and 
Associate Professor of Education. 

B.S., M.A., Ph.D., University of Min- 
nesota. 

Science Teacher, Stillwater, Minnesota; 
Mathematics Teacher, Sheboygan, Wis- 
consin; Office Manager, Social Security 
Board, Bloomington, Illinois; Electric 
Theory and Mathematics Instructor, Na- 
val Training School, University of Min- 
nesota. 

Member: NCTM; Phi Delta Kappa; Na- 
tional Education Association; Minnesota 
Education Association; Mathematics As- 
sociation of America; Central Association 
of Science and Mathematics Teachers; 
American Educational Research Associa- 
tion. 

Activities: Member, Board of Direc- 
tors, NCTM, 1950-53; Chairman, Min- 
nesota State Mathematics Curriculum 
Committee; President, Mathematics Sec- 
tion, Minnesota Education Association; 
member of several professional commit- 


ELIZABETH JEAN ROUDEBUSH 


tees and speaker at numerous mathe- 
matics conferences. 

Publications: Co-author of The World 
of Numbers, Grades 4-7, Workbooks; Edi- 
tor of Minnesota Mathematics News- 
letter; Co-editor of ‘Aids to Teaching,” 
Tue Maruematics TEACHER; numerous 
articles in THe Matuematics TEACHER, 
School and Mathematics, and 
Journal of Experimental Education. 


Science 


Elizabeth Jean Roudebush 


Director of Mathematics from Kinder- 
garten through Grade Twelve for Seattle 
Public Schools, Seattle, Washington. 

Graduate of State College of Washing- 
ton, Pullman, Washington; A.M., Teach- 
ers College, Columbia University; sum- 
mer sessions at University of Washington, 
University of California at Los Angeles, 
and University of Southern California. 

Teacher, Mathematics, Roosevelt High 
School, Seattle, Washington; Mathemat- 
ics Department Head, Edison Technical 
School, Seattle, Washington; Director 
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of Mathematics, Seattle, 1949- . During 
World War II served in WAVES as 
Women’s Reserve Representative at U. S. 
Naval Hospital in Chelsea, Mass. 

Member: NCTM; ASCD; NEA; Wash- 
ington Education Association (Past Presi- 
dent of local group affiliated with WEA 
and NEA); Delta Kappa Gamma (Past 
Vice-President of local chapter) ; Pi Lamb- 
da Theta (Past President of local alumnae 
chapter). 

Activities in NCTM: Member, Board 
of Directors, 1953-56; Regional Repre- 


sentative of Western Region of Affiliated 
Groups; Chairman of Place of Meetings 
Committee; Co-chairman in Charge of 
Local Arrangements for 1954 Summer 
Meeting; Section Speaker at 1953 Christ- 
mas Meeting. 

Other Activities: helped organize Puget 
Sound Council of Teachers of Mathe- 
matics; helped organize Washington State 
Mathematics Council. 

Publications: Laboratory Geometry; ‘‘An 
Arithmetic Bulletin for Parents,’ Tue 
MaTHEMATICS TEACHER, May, 1951. 


NOMINEES FOR VICE-PRESIDENT—ELEMENTARY SCHOOL LEVEL 


MARGUERITE BRYDEGAARD 


Marguerite Brydegaard 


Associate Professor of Education, San 
Diego State College. 

A.B., San Diego State College; M.A. 
(and graduate study), The 
Claremont Graduate School; travel in 
Europe to study art and to investigate 
methods for teaching mathematics in the 
elementary school. 

On Editorial Board of the Association 


advanced 


for Childhood Education International, 
1954-56; Director of Summer Confer- 
ences on Teaching of Mathematics, 
8.D.8.C.; led many workshops and pre- 
sented reports and studies to local, state, 
and national groups of educators; pre- 
sented papers at several NCTM meetings; 


Laura K. Eaps 


presented paper at University of Wis- 
consin Mathematics Conference, 1953; 
worked on elementary level testing at 
Educational Testing Service Workshop, 
1955. 

Member: NCTM; Kappa Delta Pi; Pi 
Lambda Theta; ACEI; California Mathe- 
matics Council. 

Activities in NCTM: Member, NCTM 
Committee on*Supplementary Publica- 
tions, 1955- 

Publications: articles include “‘Creative 
Teaching Points the Way,’ first issue, 
Arithmetic Teacher; article in The Bulletin 
(National Association of Secondary School 
Principals), 1954; Co-author of Building 
Mathematical Concepts in the Elementary 
School, 1952. 
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Laura K. Eadls 

Specialist in Arithmetic for the Bureau 
of Curriculum Research, New York City. 

B.S., University of Buffalo; M.A, 
Ph.D., Teachers College, Columbia Uni- 
versity 

Taught all elementary grades in both 
urban and rural schools; formerly Psy- 


York 


chologist, Friends Seminary, New 


City; responsible for planning and or- 
ganizing experimental research, for pre- 
paring curriculum materials, and for gen- 
eral supervision of various aspects of the 
developmental mathematics program for 
the city schools; pioneered in the produc- 
tion of educational sound pictures with 
Encyclopaedia Britannica Films and Young 
America Films. 


NOMINEES FOR THE BOARD OF DIRECTORS 


Lesta Horn 


Puitie PEAK 


Lesta Hoel 

Western Regior 
Supervisor of Mathematics (Grades 
1-12), Portland Publie Schools, Portland, 


Oregon. 
B.S., Whitman College; M.A., Univer- 


re rt’ . fa bl ' 
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H. VERNON PRICE 


Puiiur S. JONES 


ANNIE JOHN WILLIAMS 


sity of Oregon; attended summer ses- 
sions at University of California, Univer- 
sity of Colorado, University of Washing- 
ton, and Duke University Mathematics 
Institute. 

Elementary and high school mathe- 


matics teacher; Head of Mathematics 





Department, Grant High School, Port- 
land, Oregon; Supervisor of Mathematics, 
Portland Publie Schools, 1940— _ ; Instrue- 
tor in the General Extension Division of 
the Oregon State System of Higher Edu- 
cation. 

Member: NCTM (since 1927); Mathe- 
matical Association of America; NEA; 
ASCD; ACEI; Phi Beta Kappa; Oregon 
Council of Teachers of Mathematics 

Past President 

Activities in NCTM: Local Chairman 
for Summer Meeting, Portland, 1936; 
Exhibit Committee for Summer Meet- 
ing, Seattle, 1954; Member, Nominating 
Committee, 1953. 

Other Activities: Local Chairman for 
meeting in Portland in connection with 
NEA, 1956; Chairman of current commit- 
tee preparing a State Secondary Mathe- 
matics Guide for Oregon; appearance on 
convention programs. 

Publications: ‘fAn Experiment in Clin- 
ical Procedures for Arithmetic,’ T’wenty- 
Second Yearbook, National Council of 
Teachers of Mathematics; ‘‘What Con- 
stitutes Remedial Work in Arithme- 
tic?” THe Matruematics TEACHER, Jan- 
uary, 1950; “Good Teachers Cannot Be 
Bought,’’ The Nation’s Schools, February, 
1946. 


Phillip S. Jones 
North Central Region 


Associate Professor of Mathematics and 
of the Teaching of Mathematics, Univer- 
sity of Michigan, Ann Arbor, Michigan. 

A.B., M.A., Ph.D., Univ. of Michigan. 

Teacher, Jackson High School, Adult 
Evening School and Junior College, Jack- 
son, Michigan, 1934-37; Instructor, Edi- 
son Institute of Technology, Dearborn, 
Michigan, 1937-43; Special Instructor, 
A.S.T.P., V-12 Reserve Officers Naval 
Architecture Program, E.S.M.W.T., Uni- 
versity of Michigan, Ann Arbor, Michi- 
gan, 1943-44; Instructor, University 
School, Ohio State University, Colum- 
bus, Ohio, 1944-45; Teaching Fellow to 
Associate Professor of Mathematics and 


Assistant to Associate Professor of Edu- 
cation, University of Michigan, 1945— 
Member: Delta Sigma Pi (professional 
commercial fraternity); Phi Rho Pi (fo- 
rensic); Phi Kappa Sigma (forensic); Phi 
Kappa Phi; Sigma Xi; National Council 
Mathematics (Member, 
Central Association 


of Teachers of 
Board of Directors): 
of Science and Mathematics Teachers; 
American Association for the Advance- 
ment of Science (Fellow); History of Sci- 
Mathematical 
Association of 


Society; American 
Society; Mathematical 
America (Member, Board of Governors) ; 
A.A.U.P. 

Activities in NCTM: Member, Board 
of Directors; Committee on the Official 
Journal; Committee on Small Publica- 
tions; Committee on Relations with Sci- 
ence and Industry; Editor of a yearbook 
in progress; Editor of “Mathematical 
Miscellanea” and “Historically Speak- 
ing” Departments of THe MATHEMATICS 
TEACHER. 

Publications: Understanding Numbers, a 
pamphlet accompanying a series of mathe- 
matical television programs; articles in 
THe Matuematics TeacuEer, School Sci- 
ence and Mathematics, Scripta Mathemat- 
ica, American Mathematical Monthly, 
Eighteenth and Twenty-Second Yearbooks 
of the NCTM, Chicago Schools Journal. 


ence 


Houston T. Karnes 
Southwestern Region 


Professor of Mathematics, Louisiana 
State University, Baton Rouge, Louisi- 
ana. 

A.B., A.M., Vanderbilt University; 
Ph.D., Peabody College for Teachers; 
summer sessions University of Wisconsin 
and University of Michigan. 

Professor of Mathematics and Biology, 
Northwestern Junior College, Orange 
Citv, Iowa, 1929-35; Professor of Mathe- 
matics and Dean of Men, Harding Col- 
lege, Searcy, Arkansas, 1935-36; Teacher 
of Mathematics and Department Head, 
high schools, Nashville, Tennessee, 1936— 
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38; Assistant in Mathematics, Louisiana 
State University, 1938-40, Instructor, 
1940-42, Assistant Professor, 1942-45, 
Associate Professor, 1945-53, Professor, 
1953— ; Dean of Men, Louisiana State 
University during war years; in the sum- 
mers, Visiting Professor in the College of 
Education, Louisiana State University, 
conducting courses in teacher training. 

Member: NCTM; MAA; American 
Mathematical Society; National Edu- 
cation Association; Louisiana Education 
Association; American Association of Uni- 
versity Professors; Pi Mu Epsilon (As- 
sociate Editor of Pi Mu Epsilon Journal) ; 
Kappa Mu Epsilon; Phi Delta Kappa; 
Kappa Delta Pi; Omicron Delta Kappa; 
Phi Kappa Phi; Board of Trustees, Har- 
ding College; Louisiana- Mississippi Branch 
of National Council of Teachers of Mathe- 
matics (Past Chairman, Recorder, Dele- 
gate Assembly). Listed in American Men 
of Science, Who’s Who in American Edu- 
cation, and Who Knows and What. 

Activities in NCTM: Louisiana-Missis- 
sippi State Representative; Member of 
Planning Commission of 1952 Symposium 
on Teacher Education in Mathematics; 
Co-editor of the Department, “What Is 
Going on in Your School?” of Tur 
MATHEMATICS TEACHER; Recording Secre- 
tary of the Board; served on several com- 
mittees of NCTM and MAA. 

Other Activities: Director of the Lou- 
isiana State University Mathematics In- 
stitute; Chairman, Standing Committee 
of Mathematicians of Louisiana for the 
Furtherance of Mathematical Education; 
Past Secretary and Past Chairman of the 
Mathematics Section of the Louisiana 
College Conference; Past Secretary of the 
Louisiana College Conference; Past Presi- 
dent of the Louisiana State University 
Faculty Club; Past International Presi- 
dent of Lambda Chi Alpha Fraternity; 
Secretary of National Inter-fraternity 
Conference; read many papers before an- 
nual NCTM meetings. 

Publications: ‘Preparation of Teachers 
of Secondary Mathematics’ and “Junior 


College Mathematics Curriculum Prob- 
lems in View of the President’s Report,” 
THe Maruematics TEACHER; “Legis- 
lation vs. Education,’’ American Mathe- 
matical Monthly. 


Philip Peak 


Central Region 


Assistant Dean, School of Education 
and Head of the Mathematics Depart- 
ment, University School, Indiana Uni- 
versity, Bloomington, Indiana. 

B.A., Iowa State Teachers College, 
Cedar Falls, Iowa; M.S., University of 
Iowa; Ph.D., Indiana University. 

High school mathematics teacher, Me- 
chaniecsville, Iowa; Head of Mathematics 
Department, high school, Pierre, South 
Dakota; Assistant Professor of Mathe- 
matics and Critic Teacher, Chadron State 
Teachers College, Chadron, Nebraska; 
Head of Mathematics Department, Uni- 
versity School, Indiana University, 1942 
Assistant to the Dean, School of Edu- 
cation, Indiana University, 1950-55; As- 
sistant Dean, School of Education, Indi- 
ana University, 1955 

Member: NCTM; CASMT (President, 
1951-52); AAUP; NEA; Indiana State 
Teachers Association (Past Chairman, 
Mathematics Section); Phi Delta Kappa 
(Past Treasurer of Alpha Chapter). 

Activities in NCTM: Indiana State 
Representative; Member of Twenty-Sec- 
ond Yearbook Committee; Chairman of 
Research in Algebra Committee; Secre- 
tary for the Madison, Wisconsin Mathe- 
matics Symposium, 1952; Associate Edi- 
tor, THe MatTuemMatics TEACHER, and 
author of monthly column in that publi- 
cation, ‘‘Have You Read?” 

Publications: articles on the teaching of 
mathematicsin THe MATHEMATICS TEACH- 
ER, School Science and Mathematics, and 


Phi Delta Kappan. 


H. Vernon Price 
North Central Region 


Professor of Mathematics, State Uni- 
versity of Iowa and Head of Mathematics 
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in University High School, Iowa City, 
Lowa. 

B.A., State University of Iowa; M.S., 
Northwestern University; Ph.D., State 
University of Iowa. 

Teacher of Mathematics, Thornton 
Fractional Township High School, Calu- 
met City, Illinois, 1931-34; Teacher of 
Mathematics, University High School, 
lowa City, lowa, 1934— (Head of Depart- 
ment and Supervisor of Teacher Training 
since 1940); Department of Mathematics, 
State University of Iowa, 1940—__; Super- 
visor of ASTP, Basic Phase, army train- 
ing program in mathematics at the State 
University of Iowa, 1942-43; Visiting 
Professor, School of Education, Univer- 
sity of Michigan, summer, 1952; Visit- 
ing Professor, Department of Mathe- 
matics, University of California at Los 
Angeles, summer, 1955. 

Member: NCTM; Mathematical As- 
sociation of America; Central Association 
of Science and Mathematics Teachers 
(President 1954, Board of Directors, vari- 
ous committees); Iowa Association of 
Mathematics Teachers (various offices) ; 
Chairman of State Curriculum Revision 
Committee in Mathematics; Phi Beta 
Kappa; Sigma Xi; Phi Delta Kappa. 
Listed in American Men of Science. 

Activities in NCTM: Member, Com- 
Post-War Plans, 1945-47; 
Chairman, Banquet Committee, 30th 
Annual Convention, 1952; Secretary of 
Symposium on Teacher Education in 
Mathematics, University of Wisconsin, 
1952; Member, Committee on Publi- 
cations of Current Interest; Member, 
Committee on Revision of the Guidance 
Pamphlet; Vice-President, Senior High 
School Level, 1954-56. 

Publications: Co-author of Basic Skills 
in Mathematics; ‘“‘Mathematics Clubs” 
and “The Small High School,” in Tue 
MatTueMatics Tracuer; ‘We Can Re- 
move the Stigma from General Mathe- 
matics” and “An Experiment in Fusing 
Plane and Solid Geometry,” School Sci- 


mission on 


ence and Mathematics; author of a variety 
of examinations for Iowa and Missouri 
state-wide testing programs, Adjutant 
General’s Office, and Cooperative Test 
Service. 


Annie John Williams 
Southeastern Region 


Teacher of Mathematics, Durham High 
School, Durham, North Carolina. 

A.B., Greensboro College; M.A., Uni- 
versity of North Carolina; additional 
graduate study at North Carolina State 
College and Duke University; attended 
Mathematics Institutes of Duke Univer- 
sity (1944, 1946-52), New England (1952), 
and University of Virginia (1953-54). 

Teacher of Mathematics, Blackstone 
College, Blackstone, Virginia, 1934-35; 
Hoke High School, Raeford, North Caro- 
lina, 1935-37; Massey Hill High School, 
Fayetteville, North Carolina, 1937-42; 
Alexander Graham Junior High School, 
Fayetteville, North Carolina, 1942-43; 
Julian S. Carr Junior High School, Dur- 
ham, North Carolina, 1943-53; Durham 
High School, Durham, North Carolina, 
1953- . 

Member: NCTM; NEA; Mathematics 
Association of America; Central As- 
sociation of Science and Mathematics 
Teachers; North Carolina Education As- 
sociation (President, Department of 
Mathematics, North Central District, 
1949-50; State President, Department of 
Mathematics, 1954-55; Chairman, Pro- 
gram Committee, Mathematics Confer- 
ence, University of North Carolina, 1954— 
55); Durham City Education Association 
(Treasurer, 1945-46); AAUW (Vice-Presi- 
dent, Local Branch, 1946-48); Steward, 
Duke Memorial Methodist Church; Del- 
ta Kappa Gamma. 

Activities in NCTM: North Carolina 
State Representative, 1947-54; Delegate 
to Delegate Assembly, 1953, 1955; Mem- 
ber, Agenda Planning Committee for the 
Seventh Delegate Assembly; appearance 
on convention programs. 
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| 1 th fy 
We 
Need. 
* 


By GUY T. BUSWELL—University of California, Berkeley 
WILLIAM A. BROWNELL—University of California, Berkeley 
IRENE SAUBLE—Detroit Public Schools 





A new elementary series by authors who have been 
pioneers in promoting the now widely accepted 
meaning approach in teaching arithmetic. 


A practical and functional program that brings the 
meaning approach to a new high point in teach- 


ability. 


A series that gives you the best modern instruction 
with many special features such as many visual aids, 
provision for varying abilities, much oral work, and 
the most complete Manuals ever provided for an 


arithmetic series. 


Write for full descriptive circular +453 





Guinn and 
Home Office: BOSTON Sales Offices: NEW YORK 11 CHICAGO 6 
ATLANTA 3 DALLAS 1 COLUMBUS 16 SAN FRANCISCO 3 TORONTO 7 





Please mention the MATHEMATICS TEACHER when answering advertisements 




















From one of the country’s leading authorities 
on arithmetic, Dr. Leo J. Brueckner of the 
University of Minnesota, comes a new series of... 


_ DIAGNOSTIC TESTS AND 
~ SELF-HELPS IN ARITHMETIC 


Four Screening Tests (in whole numbers, fractions, 
decimals, and general arithmetic) enable the teacher 
at any grade level to discover quickly the general 
areas of deficiency in each of the operations with 
whole numbers, common fractions, decimal fractions, 
denominate numbers, and per cents Keyed to these 
are 23 analytical Diagnostic Tests which help the 
teacher discover specific deficiencies and where the 
major computational skills tend to break down 

The corrective Self-Helps, presented on the reverse 
side of each of the Diagnostic Tests, provide the 
teacher with a systematic basis for reteaching and 
remedial work in basic facts and fundamental 
operations where the student experiences difficulty 


Closely geared, and thus a valuable supplement, to 
the widely used California Arithmetic Tests 


For further information, write to: 


CALIFORNIA TEST BUREAU 


5916 Hollywood Bivd., Los Angeles 28, Calif. 


\ 


Please mention the MATHEMATICS TEACHER when answering advertisements 











Make your own baby genius computers . . 





GENIACS 





Scientific—Entertaining—Instructive—Safe 
with our new construction kit including 
all parts and instructions: 


Kit K1: GENIAC ELECTRIC BRAIN 
CONSTRUCTION KIT 


Aa 


Corn v 








Da nger | 
« 








Corn 





Safety 





BUY YOUR KIT FROM THE ORIGINATOR! 


This kit gives simple instructions, construction plans, and a complete 


set of over 400 parts for making over 30 arithmetical, logical, reason 
ing, computing, puzzle-solving, and game-playing machines (see list 
below). Each Geniac displays intelligent behavior, runs on one flash 
light battery, requires no soldering (all connections with nuts and bolts). 
This kit is the outcome of five years of our design and development 
work with small robots. This kit is simple enough for intelligent boys; 
yet instructive to anyone because it demonstrates in easily put-together 
models the fascinating variety of computing and reasoning circuits. Kit, 
including instructions and all parts, Kl . . . $17.95; add 80¢ for 
shipment in U.S., west of Mississippi River—$1.80 shipment outside 
Continental U.S 

Returnable in one week for full refund if not satisfactory. Contains 


64-page manual! (publication P 50, separately $3). The parts include six 
multiple switches of a new design; all parts are accurately machined; 
the parts alone, if bought in small quantities, would cost over $35. 


Some of the possible GENIACS Logie Machine: 


Comparing; Reasoning ; 
Syllogism Machines; Intelligence Test. Tit 


Game Playing Machines: 


tat-toe, Nim. Arithmetical Machines (both decimal and binary): Adder, 
Subtracter, Multiplier, Divider, Arithmetical Carrying, Cryptographic 
Machines: Secret Coder, Secret Decoder. Combination Locks. Simple 
Machines: Burglar Alarm, Automatic Oil Furnace Circuit. Puzzle-Solv- 
ing Machines: the Space Ship Airlocks; the Fox, Hen, Corn, and Hired 
Man; Douglas Macdonald's Will; the Uranium Shipment and the Space 
Pirates 








Publications on 

















SYMBOLIC LOGIC P 6: CONSTRUCTING ELECTRIC BRAINS. Reprint of thir 
teen published articles. Explains simply how an automatic 
computer is constructed; how to make it add, subtract, multiply, 
P 5: pees.een ALGEBRA (THE TECHNIQUE FOR MANIP- divide, and solve problems automatically, using relays or elec 
ULATIN Db’, ‘OR’, ‘NO AND CONDITIONS) AND tronic tubes or other devices. Contains many examples of cir 
APPLICATIONS TO INSURANCE; also DISCUSSION. Ke RET CIE AGIA PUTRI EL SS GON PAN ee $2.20 
print, Explains in simple language: what Boolean algebra is; 
how to recognize the relations of Boolean aigebra when ex 
pressed in ordinary words; and how to calculate with it. Con P t: CONSTRUCTION PLANS FOR SIMON, the Small Me 
tains problems olutions, comments, discussion .. ~. «$1.50 chanical Brain, Complete plans, circuits, essential wiring dia 
grams, parts list, etc., enabling Simon to handle numbers up 
P 14: CIRCUIT ALGEBRA—INTRODUCTION. Report. Ex to 255, and to perform nine mathematical and logical opera 
plains simy a new algebra (Boolean algebra modified to in- OMB ose eee eee eeeeerereeeeenee THSTOLORSESESEORSS $ 
lude time “tha applies to on-off circuits, using relays, elec 
tronic tubes, rectifiers, gates, flip-flops, delay lines, etc. Covers P 3: CONSTRUCTION PLANS FOR SQUEE, the Robot Squir 
both static sequential circuits. Applications to control rel, Complete plans, circuits, wiring diagrams, parts list, etc. 
rogramn d computing, Problems and solutions involving Squee r over the floor, picks up ‘“‘nuts’’ in his “‘hands’’ 
CHTCULIB cece ener ween nrearneenenenees teen eee weeeenenene -90 takes them to his ‘“‘nest’’, there leaves them, and then goes 
bunting [oF MOTO NUS 2.2... cccccsccoccceseccccscces $4. 
P 16: SYMBOLIC LOGIO—TWENTY PROBLEMS AND SO- 
teport. C 1s e oblems b s Carroll 
rp we ng eg Rg I any B. new problems p 10: THE CONSTRUCTION OF LIVING ROBOTS. Report, 
a? ine = » logic 1 tio Jiscusses the properties of robots and of living beings, anc 
Guide to using symbolic logic in actual situations .......$1.80 outlines tow m. construct robots made out of hardware which 
P 4: A SUMMARY OF SYMBOLIC LOGIC AND ITS PRAC- aa the essential properties of living beings. Gives oT 4 
TICAL APPLICATIONS. Report. Rules for calculating with a lla ath 
Soolean algebra. Other parts of symbolic logic. Applications of 
Boolean algebra to computing machinery, circuits, and con 
tracts, Many complete problems and solutions ence LANGUAGE 
P 32 SYMBOLIC a by LEWIS CARROLL. Reprint of 
Sym LA Pe Rig Neg * 4th edit., 1897, 240 P 12: HOW TO EXPLAIN CLEARLY. Report. A scientific 
pages by Lew + ad ( L. Dodgson). Contains Lewis guide for explaining. Factors to be considered: ideas, selection 
Carroll's inimitable and entertaining problems in symbolic words, meanings, grammar, style, readability, audience, inter 
logic, his method of solution (now partly out of date), and est, entertainment, distraction, tomes, etc, eeepeneT of ex 
sketches Parts II and III, which he never wrote since Seameiian, GbE GUNNENEE oo cscccdiccibesceokseasepacaes $1.5 
died in 1898 








Your money is returned at once if you are not satisfied 

















P 2: COMPUTERS & AUTOMATION. 
Articles and papers 
trol, cybernetics, 
organizations, list 


on 
robots, etc 
of automatic 


computing machinery, automatic 
Reference information 
computers, etc 


Monthly magazine. 
con 
roster of 


per item to cover cost of handling and mailing.) 
2. Please send free announcement of () publications and 


0 courses. 


COMPUTERS, SYMBOLIC LOGIC, ete. 


You 


Pia, NUMBLES-NUMBER PUZZLES FOR NIMBLE can see these for almost nothing—why not take a look at them? 
MINDS. Report. Contains collection of puzzles like: Send request direct—not through a dealer. (We also offer over 
18 more publications, and over 30 courses by mail. We have 
students in 50 states and territories, 24 foreign countries. Ask 
TRY HAVE and TRAIN your us for information. ) 
THESE FUN WITS 
We are Edmund C Berkeley and Associates , instructors, pub- 
x re TREE lishers (the monthly an t tion, etc.), writers 
TWVAS WASE ENTNS (Giant Brains or Machines that Think, Wiley, 1949, ete.), 
WYE = VIF consultants, makers and exhibitors of small robots (Simon, 
” Squee, etc.). 
In fac you can also: 90893 85202 44393 29081 
(Solve for he digits—each letter stands for just one "cia THIS COUPON" "7" 7""""""1 
digit 0 to 9) 
1 ' 
Edmund C. Berkeley and Associates, 1 
§ 815 Washington St., R136, Newtonville 60, Mass. ' 
All are new numbles, additions, multiplications, ete. some | = ' 
easy, some hard. Each with two messages, one open, one hidc sen 1 1, Please send me publications circled 1 
Hints for solution. Good exercises in logical reasoning ....$1.00 1 Kl Pl P2 P3 P4 PS PO P10 Pl2 Pl4 P16 P25 P32 : 
; Returnable in 7 days for full refund if not satisfactory. i 
COMPUTERS & ROBOTS 1 DC Mist de chee eeeedades in full payment (add 10¢ 4 
1 ' 
1 ! 
1 1 
1 1 
‘ ' 
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Please mention the MATHEMATICS TEACHER when answering advertisements 


Annual sub 
occcccee cue 


My name and address are attached. 



































How Do YOU 
Choose A Textbook? 


No question about it—this picture does not illus- 
trate your method of choosing a text! You are 
aware of the many important elements that 
should be present in the text you pick to help 
you teach your students. You have a right to 
format, binding, 
appealing page design, and strong legible type. 
You are entitled to the most convenient and effi- 
as well as 


expect an attractive durable 


cient organization of text material, 
accurate information in which you can have con- 
fidence. These features, along with the most 
modern and effective teaching aids available, 
are the elements which have built the Macmillan 
reputation for over a half-century of textbook 
publishing. Macmillan texts are planned with 
you in mind; they are designed to help you 


teach. 
See for rn 
poe inguine about 


A FIRST COURSE IN ALGEBRA 
2nd Rev. 


A SECOND COURSE IN ALGEBRA 
2nd Rev. 


PLANE GEOMETRY 


Rev. 


SOLID GEOMETRY 


Rev. 


PLANE AND SPHERICAL 
TRIGONOMETRY 


The Macmillan Company 


New York 11 * Chicago 16 * Atlanta 9 
Dallas 21 * San Francisco 5 




















ALGEBRA 
for 

Problem 

Solving 






FREILICH 
BERMAN 
JOHNSON 


Books 1 AND 2 





a clear-cut complete high school course 
which develops understanding and 
skill by the use of realistic problems, 
effective teaching aids and abundant 


exercises, problems and tests. 


Making 
Mathematics 
Work 


NELSON 
GRIME 





a comprehensive review of Arithmetic, 
a vital examination of its practical 
everyday applications and an intro- 
and 


duction to Statistics, Geometry 


Algebra. 





Boston 


HOUGHTON 


New York 


MIFFLIN CHICAGO 
DALLAS 

COMPANY ATLANTA 
Pato ALTO 











Please mention the MATHEMATICS TEACHER when answering advertisements 











ARITHMETIC 


for High Schools 


By CHARLES H. BUTLER 








diagrams. 


Home Office: Boston 16 





Prepared especially for high school 
students, this text is a study of the 
fundamental processes of arithmetic. Emphasis is on the under- 
standing of the meaning of arithmetic and on the building and 
maintaining of skills. Abundance of exercises, problems, sum- 
maries, and testing materials. Interesting pictures and helpful 


D. C. HEATH AND COMPANY 


Sales Offices: Englewood, N.J., Chicago 16, San Francisco 5, Atlanta 3, Dallas 1 

















Binders for the 


MATHEMATICS TEACHER 


Handsome, durable, magazine binders. 
Each binder holds eight issues (one 
volume) either temporarily or perma- 
nently. Dark green cover with words 
“Mathematics Teacher” stamped in 
gold on cover and backbone. Issues 
may be inserted or removed separately. 


$2.50 each. 


NATIONAL COUNCIL OF 
TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. 
WASHINGTON 6, D.C. 











NEW GEORGE CHARTS 


a. Multiplication and Division Chart 
b. Multiphase Mathematical Chart 


Multiply—Divide 
Squares—Cubes—Roots 
Logarithms—8!/.” x ||” sheets 
Accuracy of 7.5” Slide Rule 
Excellent Aid for Teaching 
Slide Rule and H. S. Mathematics 
2 Sample Charts 50¢ in stamps 


MATHEMATICS CONTEST OUTLINES 
NEW SLIDE RULES 


FIELD WORK IN MATHEMATICS 


INSTRUMENTS, MODELS 
AND VISUAL AIDS 


Send for Literature and Prices 


YODER INSTRUMENTS 
The Mathematics House Since 1930 
East Palestine, Ohio 





Please mention the MATHEMATICS TEACHER when answering advertisements 





















Guidance Pamphlet in Mathematics 


Describes the mathematics needed for citizenship and for suc- 


You cess in various vocations, 
Cannot Discusses vocational opportunities for mathematically trained 
persons. 


Guide Your 


Gives up-to-date data and statistics. 


Students 
Contents: Mathematics for personal use, for trained workers, 
Without for college preparation, for professional workers, for 
Civil Service workers, for occupations in the armed 
Facts forces, and related matters. 


Published December 1953. 46 pages. 


Price 25¢ each. Quantity discounts 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 











1201 Sixteenth Street, N.W. Washington 6, D.C. 
How to Use Your Bulletin Board 


Donovan A. Johnson and Clarence E. Olander 


Make your bulletin board a genuine teaching aid. 
Discusses purposes, appropriate topics, supplies needed, 
techniques, and “‘tricks of the trade.” 

8 


Illustrated with reproductions of actual displays. 


A gold mine of ideas for the effective use of your bulletin 
board. 12 pages. 50¢ each. 


How to Develop a Teaching Guide 
in Mathematics 
Mildred Keiffer and Anna Marie Evans 


Tells how to develop teaching guides in mathematics to 
meet your local situation. 
e Discusses steps in the development of a guide, principles 
involved, content, and use. 
Contains an annotated bibliography of reference materials. 
10 pages. 40¢ each 
All items in the How-To Series are punched for three- 
ring binder for convenience in use. Collect the entire series. 


Please send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 





Please mention the MATHEMATICS TEACHER when answering advertisements 











Geometry— 
Can be a Laboratory Science 


Using the 
Schacht 
Instruments 


¢ Permit use of the 
Inductive Approach 


Do not supplant 
Deduction, but enhance it 


Adjust to a variety of 
figures and emphasize con- 


tinuity 


Appeal to the tactile 
and visual senses 





No. 7510 





The Instruments are accurately made of strong, lightweight aluminum, with 
each side anodized a different color. Elastic cords are used for altitudes, 
diagonals, bisectors, medians, etc. They will last for many years even with 


hard student use. 











SIX DIFFERENT INSTRUMENTS ARE AVAILABLE 
For a complete description and for 
Other Mathematics Teaching Aids, see the 
MATHEMATICS INSTRUMENTS CATALOG 


Write for your free copy. 








W. M. WELCH 


Mm COMPANY 
edgwic reet, icago , inois, U.S. 
COMPANY 


Please mention the MATHEMaTIcS TEACHER when answering advertisements 





